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6. Abstract 

The aerodynamic damping moment. i n  p i t c h  was keasured w Z t h  a 
hovering h e l i c o p t e r  r o t o r .  Three k inds  of  model blades. w i t h  
d i f f e r e n t  r i g i d i t y  were t r i e d .  A flow v i s u a l i z a t i o n  s tudy was 
performed f o r  t h e  purpose of determining t h e l . r e l a t i v e  p o s i t i o n  
betweenethe blade and the  v o r t i c e s  i n  steady hovering s ta te .  
The p e r f e c t l y  r i g i d  rotor was determined. Aerodynamic damping 
mornene in. p i t c h  was analyzed. A quagi-steady .theory i s  
devised.  A 's imple formula f o r  c a l c u l a t i n g  t h e  p i t c h  damping 
d e r i v a t i t e  of a he l i cop te r  r?,otor wi th  spr ing '  cons t ra rned  f l a p -  
p ing  hinge i s  proposed. The v a l i d i t y  of t h e :  formula i s  ascer- 
t a i n e d  by comparison wi th  experimental  r e s u l t s .  
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ON THE PITCH DAMPING MOMENT I N  HOVERING 
OF A R I G I D  HELICOPTER ROTOR 

Kingo Takasawa 
F l i g h t  Experimentation Sec t ion  

Coordinates 

(i) X i Y i Z i  Coordinates 

Right-hand r ec t angu la r  coord ina te  axes i n  which the  o r i g i n  
i s  taken  a t  t h e  c e n t e r  of the r o t o r .  They are f ixed  i n  space.  
The X i  a x i s  f a c e s  upward, and the  Z i  a x i s  f a c e s  downward. The 
u n i t  a x i a l  vec to r s  are I., J ,  K.. 

(ii) XYZ Coordinates 

i s  taken a t  t h e  c e n t e r  of the  r o t o r .  They are f i x e d  t o  the 
r o t o r .  P i t ch ing  motion with an angular  v e l o c i t y  6J i s  performed 
around t h e  Y a x i s .  They co inc ide  w i t h  coord ina tes  X i Y i Z i  a t  
time t = 0. The u n i t  v e c t o r s  i n  the  a x i a l  d i r e c t i o n  are <., j, k .  

Right-hand r ec t angu la r  coord ina te  axes i n  which t h e  o r i g i n  

(iii) I!. y z Coordinates 

Right-hand r e c t a n g u l a r  coord ina te  axes i n  which the  o r i g i n  
i s  taken a t  t h e  c e n t e r  of t h e  r o t o r .  They are f i x e d  t o  t h e  
r o t o r  blade.  The y' a x i s  f a c e s  outward i n  t h e  radial  d i r e c t i o n ,  
and t h e  z t  a x i s  f a c e s  upward, The u n i t  vec to r s  i n  t he  a x i a l  
d i r e c t i o n  are <*, j*, k*. 
( i v )  T r a  Coordinates 

/1" 

They a r e  t h e  curve coord ina tes  used i n  Ich ikawats  monographs 
[l, 2 ,  31. The r e l a t i o n s h i p  i n  Eq.  ( 4 . 1 )  appl ies  between them /2 
and t h e  x t y l z v  coord ina tes .  

The XYZ coord ina tes ,  t h e  x l y v z t  coord ina tes ,  and t h e  -rra 
coord ina tes  are depic ted  g raph ica l ly  i n  F ig .  66. The X i Y i Z i  
coord ina tes ,  t he  XYZ coord ina tes ,  and t h e  x v y q z '  coord ina tes  
are depic ted  g raph ica l ly  i n  Fig.  4 *  

Symbols 

A1 Coef f i c i en t  of blade v i b r a t i o n  equat ion.  Refer t o  Eq. (1.17). 

*Numbers i n  the margin i n d i c a t e  pagina t ion  i n  the f o r e i g n  t e x t .  

. . . .  . . . .  . .  
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A2 Coef f i c i en t  of blade v i b r a t i o n  equat ion.  Refer t o  Eq.  (1.18).  
Coe f f i c i en t  of blade v i b r a t i o n  equat ion.  Refer t o  Eq.  ( 1 . 2 1 ) .  
Acce lera t ion  v e c t o r  a 

a Two-dimensional l i f t  curve s lope  
b '  Half chord l e n g t h  
bo' : y '  = H a l f  chord l e n g t h  a t  p o s i t i o n  of  (R2' + R1')/2 (F ig .  5 9 ) .  
C(k)  Theodorsen's func t ion  
C' (k,lm,h) 

A3 

L i f t  de f i c i ency  func t ion  der ived  by Loewy 

for Z=o 
cos Le, for I d ,  2, 3, ... J -.  - _  

c '  Chord l e n g t h  
D Inf luence  f u n c t i o n  i n  seeking the  induct ion  v e l o c i t y .  Refer 

t o  Eq.  ( 4 . 1 2 )  
D1 Coef f i c i en t  of blade v i b r a t i o n  equat ion.  Refer t o  Eq. ( 1 . 1 9 ) .  

Coe f f i c i en t  of blade v i b r a t i o n  #equat ion.  Refer t o  Eq.  ( 1 . 2 0 ) .  
E 1  F l exura l  r i g i d i t y  of blade 

e Bottom of n a t u r a l  logari thm 
F(k )  Real par t  of C(k)  
F ' (k ,m,h)  Real part of C 1 ( k , m , h )  

FA 
FA Absolute va lue  of  FA 

FM 

D2 

Vector of  a i r  f o r c e  ope ra t ing  on u n i t  wing span of blade 

Vector o'f mass f o r c e  ope ra t ing  on u n i t  wing span of b lade  

2 



f 
f 0 

fst 
f S- 
fC+ 
f C- 
G 

General  coord ina te  express ing  f l e x i b i l i t y  of  blade 
Steady component of f 
s i n ( Q t p ) t  component of f 
s in (Q-p) t  component of f 
cos ( Q t p ) t  component of f 
cos(l;d-p)t component of f 
Inf luence  func t ion  i n  seeking  the  induct ion  v e l o c i t y .  Refer 
t o  Eq. ( 4 . 1 2 ) .  

G ( k )  Imaginary par t  of C(k)  
G'(k,m,h) Imaginary part of C'(k,m,h) 

* f l 2 q h 2 7 2  

H,(2) Second t y p e  Hgnkel func t ion  
h '  Distance between cen te r  of g r a v i t y  of movable par t  of 

H ( P ' )  

experimental  appara tus  and space between p i t c h i n g  axes,  
spaces  of vor tex  s h e e t s  i n  Loewy's theory  

h Parameter der ived  from Ichikawa's theory ,  h E W/Q 
I I n e r t i a  e f f i c i e n c y  around p i t c h i n g  a x i s  of movable p a r t  of 

1, F i r s t  type  transformed Bessel  func t ion  
I1 Contr ibut ion  of vor tex  w i t h  rep laced  wing su r face  appearing 

i n  l i f t  su r face  eqyat ion 
I 2  Cont r ibu t ion  of vor tex  wi th  rep laced  t r a i l i n g  vor tex  sheet 

appearing i n  l i f t  su r f ace  equat ion 

I3 Cont r ibut ion  of vo r t ex  w i t h  replaced shed vor tex  sheet 
appearing i n  l i f t  su r f ace  equat ion 

(2)Cont r ibu t ion  t o  l i f t  su r f ace  equat ion when the  shed vor t ex  
p a t t e r n  a t  the  po in t  where the downwash i s  c a l c u l a t e d  i s  
regarded as extending t o  an i n f i n i t e  d i s t a n c e  on both  sides 
i n  the  wing span d i r e c t i o n  

experimental  appara tus  

. 

I 3  

1 Unit vec to r  i n  the X i  coord ina te  axial. d i r e c t i o n  

i Imaginary u n i t  
i Unit vec to r  i n  X a x i a l  d i r e c t i o n  

ZI 

A I 3  AI3 = I3 - I3 (2) 

I 

Unit v e c t o r  i n  x axial  d i r e c t i o n  i n  xyz coord ina te  a x i s  
of  r e f e r e n c e  [ll, $1 = i 

3 



MY 
aM/a; P i t c h  damping d e r i v a t i v e  
(aM/a8), Deriva t ive  of t he  p i t c h  damping generated d i r e c t l y  

because of t h e  p i t c h i n g  of t h e  r o t o r .  Can a l s o  be c a l l e d  
t h e  p i t c h  damping considered when one has assumed an 
e n t i r e l y  r i g i d  r o t o r  blade. 

e l a s t i c  deformation occurr ing  i n  the blade when the  r o t o r .  
(aM/26 Coeff ic ien t  of p i t c h  damping generated through t h e  

t undergoes p i t c h  damping 

Unit v e c t o r  i n  x '  a x i a l  d i r e c t i o n  
F i r s t  t y p e  Bessel func t ion  
Second t y p e  Bessel  func t ion  
Unit v e c t o r  i n  Yi a x i a l  d i r e c t i o n  
Unit v e c t o r  i n  Y a x i a l  d i r e c t i o n  
Unit v e c t o r  i n  y a x i a l  d i r e c t i o n  i n  xyz coord ina te  a x i s  
of r e fe rence  [I], jI = -j 
Unit vec to r  i n  y t  axial  d i r e c t i o n  
Second t y p e  transformed Bessel  func t ion  
Coef f i c i en t  f o r  e s t ima t ing  t h e  p i t c h  damping of  an e n t i r e l y .  
r i g i d  blade,  excluding the  p i t c h  damping caused by the  
e l a s t i c i t y  of t h e  blade from t h e  p i t c h  damping obtained 
experimental ly  
Unit vec to r  i n  t h e  Z i  a x i a l  d i r e c t i o n  
Unit vec tor  i n  the  Z ax ia l  d i r e c t i o n  
Unit vec tor  i n  t h e  z a x i a l  d i r e c t i o n  i n  xyz coord ina te  
a x i s  of r e fe rence  [l], kx = -k 
Unit vec to r  i n  t he  z '  a x i a l  d i r e c t i o n  
Dimensionless v i b r a t i o n  frequency, refer  t o  Eq. (3 .25)  
Dimensionless v i b r a t i o n  frequency, refer  t o  Eq. (3.25) 
Amplitude of unsteady l i f t  ope ra t ing  on u n i t  wing span 
Struve func t ion ,  refer t o  Eq, B5 

Moment genen,ated around t h e  hub of  t he  r e f e r e n c e ,  blade 

Moment ope ra t ing  around t h e  Y a x i s  

P/Q ' . 
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ANA 
ANB 

n 

P 

P '  

P 
P 
P 
AP 
Q 

Qf 
9 

R 

R1 
R2 ' 

rr 

P 

d N A d v A ( q )  - A Nonsingular p o r t i o n  of NA: 141 

1 Q  i- Nonsingular p o r t i o n  of NB: dNa=NE(Q)-q- IQI - 
a " )  Nonsingular p o r t  ion  of Nc: d ~ u = N u - - l o E ~ f ] - I ( T f l 0 ~ 3 + - i  r 

14 I f 1  
Number of r o t o r  c y c l e s  af ter  t h e  genera t ion  of a given 
vor tex  u n t i l  t he  present  time 
Point  where t h e  induct ion  v e l o c i t y  i s  sought P ( x ' , y ' , z ' ) ,  
P b ' , r , d  
Point where there  is a vor tex  P ( c f , T l ' , c t ) ,  P(T',P',U') 

Pi t ch ing  v i b r a t i o n  frequency p 2n/T 
P r e s  s u r e  * 
P/Q 
Pressure  d i f f e r e n c e  between upper and lower wing s u r f a c e s  
Number of b lades  
General f o r c e  
Blade numbers. Assigned i n  ascending o rde r  (0 ,  I, 2 ,  ... ) 
in the same d i r e c t i o n  as the  d i r e c t i o n  of  t he  r o t o r  r evo lu t ion .  

t 

Distance between po in t  P and poin t  P p  
I n s i d e  r a d i u s  of wing area making up blade, R 1  = R l f / b '  

Outside r a d i u s  of' wing area making up blade, R2 = R 2 ' / b s  
P o s i t i o n  vec tor  
Vector i n  the t a n g e n t i a l  d i r e c t i o n  of' t h e  T coord ina te  curve 
of t h e  "era coordinaffe; . refer . .  t o  Eqs. . . .  (4.3) . .  * .  and ( 4 . 4 ) .  . .  

*[Note: Or ig ina l  does n o t  d i f f e r e n t i a t e  between symbols f o r  
p i t c h i n g  v i b r a t i o n  frequency and pressure .  3 
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r 
r '  
S' 

SR: 
S '  

T 
T 
t 
t '  
A t  

* u  
b U '  

V 

VX 

VY 

VZ 

v i  
V a  

va 
'as 

- 
- 
6 V '  

W 

W 
bW 
6 W '  
X '  

r coord ina te  of po in t  P 
r coord ina te  of po in t  P t  
Blade l eng th ,  S 1  = R2' 
Length from hub t o  i n s i d e  of wing area, SR! = R1' 
Length from hub along central  l i n e  of blade, s = s'/R*' 
Pi t ch ing  c y c l e  
Kine t ic  energy# 
Present  t i m e  
Time a t  which a c e r t a i n  vor tex  occurred 
Time a f te r  t h e  vortex y ( C ' , t )  occurred u n t i l  the  Present  ng 
t i m e  
S t r a i n  energy 
x' d i r e c t i o n  components of v i r t u a l  displacement 
Main stream v e l o c i t y ,  V = y'62 
Veloci ty  component i n  X d i r e c t i o n  at  a poin t  on the  b lade  

Veloc i ty  component i n  Y d i r e c t i o n  at a poin t  on the  blade 
Veloc i ty  component i n  Z d i r e c t i o n  a t  a po in t  on the  blade 
Steady induct ion  v e l o c i t y  on r o t o r  su r face  
Unsteady components i n  t h e  induct ion  v e l o c i t y  
Amplitude of V a  

Steady components iri the  induct ion  v e l o c i t y  
y '  d i r e c t i o n  components of v i r t u a l  displacement 
Weight of movable parts of experimental  apparatus  
Rotor ascending v e l o c i t y  
Function express ing  con t r ibu t ion  of' t h e  vor tex  i n  t h e  wake# 
V i r t u a l  work 
z '  d i r e c t i o n  components of v i r t u a l  displacement 
x '  coord ina tes  a t  poin t  where' i nduc t ion  v e l o c i t y  i s  sought 

2- (zr'S4') / z  ' 

v- 5 :  .%E- 

**[Note: Or ig ina l  doea not  d i f f e r e n t i a t e  between symbols f o r  
p i t c h i n g  cycle  and k i n e t i c  energy; I l ikewise,  symbols W.] 
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X1' 

xtl 

x '  coord ina te s  a t  f r o n t  edge of blade 
x 1  coord ina tes  a t  rear edge of blade 

y' y' coord ina te s  a t  po in t  where induc t ion  v e l o c i t y  i s  sought 
YA' y '  coord ina te s  a t  p l ace  where c i r c u l a t i o n  d i s t r i b u t i o n  a long  

z '  Blade f l e x i b i l i t y  
Z a '  z '  coord ina te s  a t  po in t  on blade camber l i n e  
z ' ( t )  ZI coo rd ina te s  of q blade at  p re sen t  t i m e  
zqw'(t) 

I 

t he  blade r a d i u s  a t t a i n s  t he  maximum 

: 4  
Z i  coord ina tes  of  q*-th blade a t  po in t  i n  t i m e  when a 

vor t ex  occurred immediately below q blade a t  the  p resen t  
t i m e  

r a t  Bound vor t ex  of  s tandard  blade 
r a v  Amplitude of T a t  
r I' 3 Faleik/b (Chapter 2 )  

Tq' Bound vor tex  of q-th blade 
I" Bound vor tex  of  blade 
l'o' Bound vor tex  of s tandard  blade 

- 
- - 

Y 
Ya 

Lock number (Chapter 1) 
Vortex su r face  expres s ing  s tandard blade 

Amplitude of ya 

Shed vor t ex  fo l lowing  immediately a f te r  s tandard  blade 
Shed vo r t ex  fo l lowing  immedia te ly  after q-th blade 

Shed vo r t ex  occurr ing  from the q-th blade before  n r o t a t i o n s  
Eu le r ' s  cons tan t  (Chapter 3 )  
Components i l y  the ver t ica l  d i r e c t i o n  t o  t he  main stream of  

1 the  vor tex  expres s ing  the  wing su r face  (Chapter 3 

rW Components i n  t he  ver t ica l  d i r e c t i o n  t o  the main stream of 
t h e  vor tex  i n . 4 h e  :wake 

7 



Y Surface v e l o c i t y  of the vor tex  sheet 

yBo 
Y Components i n  the  272 d i r e c t i o n  of t he  vortex;  refer  t o  

yN 
A t q j  I n t e n s i t y  o f  vor tex  occurr ing  from between the j - t h  d i v i d i n g  

y vor tex  r e p l a c i n g  t h e  standard blade 

Eq. (4 .5)  
Components i n  the j* d i r e c t i o n  of y 

po in t  on the  q-th blade and t h e  j t l - t h  d i v i d i n g  po in t  

A ' l j  

6 

6, 

6* 

6W 
6B0 

5 '  

I n t e n s i t y  of vor tex  i n  1- th  l a y e r  immediately below t h e  q-th 
blade.  j i n d i c a t e s  that  it is  the  3-th vor tex  f i lament  from 
t h e  i n s i d e .  
pT d i r e c t i o n  components of t h e  vor tex ,  refer  t o  Eq. ( 4 . 5 ) .  
Mainstream d i r e c t i o n  components of t h e  vor tex  express ing  
the  wing su r face  
i* d i r e c t i o n  components of y 

6 r e p l a c i n g  t h e  s tandard  b l ade '  

Mainstream d i r e c t i o n  components of  t h e  vor tex  i n  the  wake 
z '  coord ina tes  of t h e  vor tex  
Z i  coord ina tes  o f  t h e  vor tex  f i lament  r e p l a c i n g  t h e  vor tex  
occurr ing  from between t h e  j - t h  d i v i d i n g  poin t  on the q-th 

blade and t h e  j t l - t h  d i v i d i n g  po in t  t 

Z i  coord ina tes  of  vor tex  i n  t h e  1-th layer  immediately 
below t h e  q- th  blade. j i n d i c a t e s  t h a t  it i s  t h e  j - t h  

vor tex  f i lament  from the i n s i d e  
y q  coord ina tes  of the  vor tex  
y g  coord ina te s  of t h e  d i v i d i n g  poin t  of t h e  blade 

y v  coord ina tes  of t he  vor tex  f i l amen t  occurr ing  from between 
the  j - t h  d i v i d i n g  poin t  on the q-th blade and t h e  j + l - t h  
d i v i d i n g  po in t  
y v  coord ina tes  of t h e  vortex i n  t h e  1-th l a y e r  immediately 
below the  q-th blade. 3 i n d i c a t e s  that it  i s  t h e  j - t h  vor tex  
f i l amen t  from the  i n s i d e .  

8 



P i t c h i n g  angle ,  i . e . ,  angle  of i n c l i n a t i o n  of r o t o r  s u r f a c e  
Coordinates with changed 

P i t ch ing  amplitude 
Chebyshev's d i v i d i n g  poin t  

2j-1 
-R (j=1,2,3,.**J+l) 

L- 2(J+1) . 

8 coord ina tes  corresponding to 003 
Correc t ive  p i t c h  angle  
8 coord ina tes  corresponding to Y A )  
E f f e c t i v e  angle  of incidence 
Refer t o  Eq. ( 2 . 2 5 )  
Refer t o  Eq,  (3.41) 
Dummy parameter 

Dunmy parameter 
A '  =: 6' - x '  

~ ( s )  Mode func t ion  express ing  blade f l e x i b f l i t y  
Mass p e r  u n i t  l e n g t h  of blade.  
,xs  coord ina tes  of  vo r t ex  
P i ,  r a t i o  o f  t h e  circumference of a c i r c l e  t o  i t s  diameter  
A i r  d e n s i t y  . 

S o l i d i t y  r a t i o  (Qc '/nR2 ) 

(z coord ina tes  at point P 
CJ coord ina tes  a t  po in t  P g  
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T coord ina tes  a t  po in t  P 
T coord ina tes  at poin t  I?' 
T* E T - 4wn - 2wq/Q 
Disturbance p o t e n t i a l  
Coodinate w i t h  changed y 

Multhopp s d i v i d i n g  po in t  

Supe r sc r ip t s  
Used i n  cases  when a q u a n t i t y  related to t h e  l e n g t h  has 
dimensions 
Time d e r i v a t i v e  

- I n d i c a t e s  amplitude 

. 

in 
A= - (i=1,2, ... N) N+ 1 

Azimuth angle  of blade 

Azimuth angle  of q-th b lade  ( $ J ~  = $0 + 2nq/Q) 
Phase d i f f e r e n c e  between bound'vortex o f  s tandard blade 

and bound vor tex  of q-th b lade  
Vibra t ion  frequency of  blade 
P r i m a r y  f l e x u r a l  c h a r a c t e r i s t i c  frequencx of blade  which i s  
not  r o t a t i n g  
Rotary angle  v e l o c i t y  of rotor . 

Subsc r ip t s  

U Quan t i ty  on upper su r face  of wing 
L Q u a n t i t y  on lower su r face  of wing 
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R I n d i c a t e s  r ea l  part 
+ Quan t i ty  related t o  frequency components of  SI + p 
- Quan t i ty  related t o  frequency components of SZ - p 

In t roduc t ion  

* Those types  -of  . he l i cop te r  Gotors which d*o not have f l a p p i n g  
hinges are c a l l e d  non-ar t icu la ted  r o t o r s  o r  r i g i d  r o t o r s .  Many 
yea r s  ago, rotors of t h i s  t ype  were used i n  l igh tweight  h e l i -  
cop te r s  such as s ingle-sea t  f l y i n g  platforms.  I n  r e c e n t  years, 
thanks t o  t h e  progress  made r e c e n t l y  i n  b lade  cons t ruc t ion  and 
materials, r i g i d  rotors have been adopted i n  high-grade f o u r  o r  
f i v e  seat h e l i c o p t e r s  such as t h e  XH-51, AH-56, o r  BO-105. 

I n  r o t o r s  of t h i s  t y p e ,  t h e  c o n t r o l  moment produced by  t h e  
a i r  f o r c e  ope ra t ing  on t h e  blades i s  t r ansmi t t ed  d i r e c t l y  t o  
the airframe. Consequently, it i s  p o s s i b l e  t o  produce a powerful 
c o n t r o l  moment w i t h  an extremely small t i m e  l a g  as compared w i t h  
the  convent ional  h e l i c o p t e r  r o t o r s  of t h e  past. Besides, by 
s e l e c t i n g  the  flapwise f l e x u r a l  c h a r a c t e r i s t i c  frequency of 
t h e  b lades  i n  a s u i t a b l e  manner, one can o b t a i n  a p i t c h  damping 
and r o l l  damping greater than  i n  t h e  convent ional  r o t o r s  of t h e  
past [ 4 ] .  Another advantage i n  t he  way of i n c r e a s i n g  t h e  speed 
i s  the  f a c t  t ha t  t he  r o t o r  hub can be formed wi th  a smart 
appearance, s i n c e  there  are no f l app ing  hinges.  Because of 
t h e s e  cons ide ra t ions ,  r i g i d  r o t o r s  are regarded as promising 
both from the  s tandpoin t  of t he  p i l o t i n g  safety and from t h e  
s tandpoin t  of i n c r e a s i n g  t h e  speed. 

However, a t  t h e  p re sen t  time, methods of c a l c u l a t i n g  t h e  
p i t c h  and roll damping have not  y e t  been established. There 
are s t u d i e s  by Payne [ S I ,  Beppu [SI, Townsent [TI, and Naito 
concerning the  p i t c h  and damping of r i g i d  r o t o r s ' i n  t he  hovering 
stage. 

Payne demonstrates t ha t  t h e r e  i s  no d i f f e r e n c e  between 
cases  when t h e  f l a p p i n g  hinge i s  cons t ra ined  by s p r i n g s  and 
cases  when t h e  f l a p p i n g  hinge i s  mounted on the  hub w i t h  an o f f -  
se t .  H e  proves t h e o r e t i c a l l y  t h a t  the  p i t c h  damping changes when 
t h e  s p r i n g  s t r e n g t h  o r  t h e  s i z e  of  t h e  o f f s e t  changes. 

hinge w i t h  hinge o f f s e t  cons t ra ined  by sp r ings ,  t h a t  p i t c h  
damping occurs because of three reasons .  E i r s t ,  it occurs on 
account of de l ay  of the t i p  pass plane.  Second, i t  occurs  on 
account of the hinge o f f s e t ;  and t h i r d ,  du r ing  blade f l app ing ,  
it is  t r ansmi t t ed  t o  t h e  airframe through the hinge spr fngs .  
The f i rs t  two causes  are well known i n  the convent ional  a r t i c u l a t e d  

Beppu demonstrated, with r e spec t  t o  a r o t o r  wi th  a f l a p p i n g  
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blade hinge and t h e  r o t a r y  
angle  v e l o c i t y  of t he  r o t o r ,  
When there i s  a weak 
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-C. increased ,  Beppu mentions, 
as t h e - r e a s o n  f o r  t h i s ,  
t he  f a c t  t h a t  t h e  a i r  f o r c e  
can not  be c a l c u l a t e d  

(9= SOOrpm ) 
0 

0 

0 accura t e ly .  
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Here, a i s  the  l i f t  i n c l i n a t i o n  assumed for two-dimensional 
s teady  wings. I n  t h i s  monograph w e  adopt t h e  fol lowing equat ion 
as a basis f o r  organiz ing  var ious  p i t c h  dampings obtained e i the r  
experimental ly  or a n a l y t i c a l l y .  I n  t h i s  equat ion,  the  t h e o r e t i -  
c a l  va lue  2n i s  used f o r  a. 

Nai to  conducted experiments concerning rotors w i t h  t h e  b l ades  
mounted d i r e c t l y  on the  hub. F igure  2 i s  an example of t he  
r e s u l t s .  I n  the  f i g u r e ,  WB i s  the  p r imary  f l e x u r a l  c h a r a c t e r i s t i c  
frequency of t h e  blade a t  t h e  s t a t i o n a r y  s ta te .  T h i s  i s  a para- 
meter r e p r e s e n t i n g  t h e  blade’s r i g i d i t y .  The s o l i d  l i n e  i n d i -  
c a t e s  t h e  c a l c u l a t e d  va lues  obtained by us ing  Eq. ( 2 ) .  The 

. experimental  appara tus  i s  shown i n  Fig.  3 .  Naito d e r i v e s  t he  
fol lowing two conclusions from the r e s u l t s  of these experiments.  
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Fig .  2 .  Comparison of experimental  and 
t h e o r e t i c a l  va lues  fqr p i t c h  damping of 
rotors w i t h  two blades. 

Key: 1. Experimental va lues  
2.  Theore t i ca l  v a l u e s  ’ 

(i) When t h e  rotor - /7 
r e v o l u t i o n  speed i s  
smaller  t h a n  t h e  p r i m a r y  
f l e x u r a l  c h a r a c t e r i s t i c  
frequency of t h e  blades, 
the  value of the  p i t c h  
damping i s  about one 
t h i r d  of t h a t  i n d i c a t e d  
i n  Eq. (2 ) .  

(ii) The p i t c h  
damping w i l l  i n c r e a s e  
r a p i d l y  when t h e  rotor 
r e v o l u t i o n  speed i s  
increased .  However, i t  
i s  be l ieved  that t h i s  i s  
because p e r i o d i c a l  e l a s t i c  
deformations occur i n  
the blades on account of 
t he  C o r i o l i s  f o r c e ,  s o  
that  there  are f l u c t u a -  
t i o n s  of t he  e f f e c t i v e  
angle  of incidence of 
t h e  blade s e c t i o n .  

Beppu’s experiments 
when the  s p r i n g s  were 
s t rong ,  as well as Nai to’s  
experiments, r e v e a l  that  
t h e  experimental  va lues  
of the p i t c h  damping are 
much smaller t h a n  the  
t h e o r e t i c a l  values .  



- 

Frg. 3 .  P i t c h  damping experi-  
mental  appara tus  (1) (provided 

. by M r .  Nai to) .  

of p i t c h  damping, t h i s  ques t ion  

The four  s t u d i e s  descr ibed  
above have made i t  c l e a r  
approximately what va lues  are 
assumed by t he  p i t c h  damping 
of a r i g i d  rotor, and how these 
va lues  change t o g e t h e r  w i t h  
f l u c t u a t i o n s  of t h e  s p r i n g  
s t r e n g t h  and the  blade r i g i d i t y .  
However, no th ing  a t  a l l  has been 
said t o  exp la in  the  reason wby 
c a l c u l a t e d  va lues  are much 
smaller than  the  measured va lues  
i n  cases  when t h e  s p r i n g  s t r e n g t h  
i s  g rea t  enough or when t h e  p r i -  
mary f l e x u r a l  c h a r a c t e r i s t i c  
frequency of t he  blades i s  great 
enough i n  comparison w i t h  t he  
r e v o l u t i o n  speed of t h e  rotor. 
I n  connection w i t h  t h e  problem 
is  a aues t ion  p e r t a i n i n g  t o  the  

mechanism by which a i r  f o r c e s  are produced. If i t  were-possible 
t o  e l u c i d a t e  the  mechanism of production of a i r  f o r c e s ,  one 
could exp la in  t h e  reason f o r  t h e  small  p i t c h  damping va lues ,  and 
one could o b t a i n  an adequate understanding concerning p i t c h  
damping of r i g i d  rotors. This  r e s e a r c h  attempts t o  e l u c i d a t e  
t h e  mechanism by which a r e  produced t h e  a i r  f o r c e s  which govern 
p i t c h  damping. Using the  p i t c h  damping c a l c u l a t i o n  method 
obtained as a r e s u l t ,  it attempts t o  c a l c u l a t e  t h e  p i t c h  damping, 
and it a l s o  attempts t o  prove, by comparison w i t h  experiments,  
t h a t  t h i s  a a l c u l a t i n g  method i s  a v a l i d  one. 

I n  order  t o  e l u c i d a t e  t h e  fundamental p r o p e r t i e s  of the  
phenomena, p i t c h  damping a t  t h e  s t a t e  of hovering w i l l  be d i s -  
cussed w i t h  r e f e r e n c e  t o  a rotor i n  whic_h it is poss ib l e  t o  per-  
form p i t c h i n g  alone.  The model i s  as shown i n  Fig.  4; p i t c h i n g  
motion can be performed around t h e  Y i  a x i s .  T h i s  model i s  n e a r l y  
t h e  same as tha t  used i n  t h e  experiments of Beppu and Naito.  The 
rotor's cen te r  of  r o t a t i o n  i s  exac t ly  on the  p i t c h i n g  a x i s .  
Therefore,  pure p i t c h i n g ,  con ta in ing  no t r a n s l a t i o n ,  i s  produced. 
Since the  blade, n a t u r a l l y ,  does not perform f lapping ,  there i s  
not  produced i n  t h i s  ca se  any of t h e  p i t c h  damping which i s  
caused by r e t a r d a t i o n  of  t he  t i p  pass plane,  which p l a y s :  such 
an important r o l e  i n  p i t c h  damping of a r t i c u l a t e d  rotors. 

This  r e sea rch  c o n s i s t s  of both experiments and a n a l y s i s ,  
The experiments are described i n  Chapter 1. The experiments 
were c a r r i e d  out w i t h  the  appara tus  shown i n  F igs .  3 and 5. 
The rotor su r face  shakes l i k e  a pendulum w i t h  a small amplitude 
around the  p i t c h i n g  ax i s .  The v i b r a t i o n  amplitude of the  rotor 
sur face  d e c r e a s e s . g r a d u a l l y  on account of the  p i t c h  damping moment. 
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* Fig. 4. Rigid r o t o r  i n  which 
p i t c h i n g  i s  performed around 
the  Y a x i s .  

Fig.  5. P i t c h  damping exper i -  
mental  apparatus .  

The p i t c h  damping aM/a6 can 
be sought from t h i s  amplitude 
damping, It i s  be l ieved  tha t  
t he  measured aM/a6 i s  t h e  
sum of  (aM/a6)~, the  p o r t i o n  
produced by p i t c h i n g  of  $he 
r o t o r  su r face ,  and (aM/ae),, 
the  po r t ion  generated du r ing  
p i t c h i n g  through t h e  bending 
deformation occurr ing  i n  t p e  
blades- The former, (aM/ae)~, 
i nc reases  exac t ly  i n  propor- 
t i o n  to t he  r e v o l u t i o n  speed 
of t he  r o t o r ,  but the l a t t e r ,  
( a M / a d ) ~ ,  i n c r e a s e s  even more 
r a p i d l y  than the  i n c r e a s e  i n  
the  r e v o l u t i o n  speed of t h e  
r o t o r .  It i s  t h i s  which i s  
the  cause of t h e  r ap id  
i n c r e a s e  i n  t he  p i t c h  damp- 
ing ,  whfch has already been 
seen i n  F ig .  2. 

I n  Chapter 1, Sec t ion  3 ,  
t h e  s t r i p  theory  making use 
o f  two-dimensional quasi-  
steady a i r  f o r c e s  i s  used t o  
perform ana lyses  i n  which 
t h e  bending deformation 
e f f e c t s  of the  blades are 
t r e a t e d  a e r o e l a s t i c a l l y .  
It i s  shown tha t  tQe meas- 
ured va lue  of aM/a€I  Can be 
separqted i q t o  ( a M / a € I  )R and 
( a M / a O ) , *  

I n  Chapter 1, Sec t ion  4 ,  
t he  appearance of t h e  vor tex  
i n  t h e  r o t o r  wake was observed, 
and smoke experiments were 

performed i n  o rde r  t o  ob ta in  data about the  vo r t ex  p o s i t i o n s  which 
would serve  as t h e  foundat ion f o r  subsequent a n a l y s i s .  

I n  Chapters  2 and 3 ,  t h e  p i t c h  damping i s  c a l c u l a t e d  us ing  
two e x i s t i n g  v i b r a t i n g  wing t h e o r i e s  concerning h e l i c o p t e r  
r o t o r s .  By comparing t h e  r e s u l t s  w i t h  t he  experimental  r e s u l t s  
descr ibed  i n  Chapter 1, one can estimate the c h a r a c t e r i s t i c s  of 
t he  a i r  f o r c e s  governing p i t c h  damping. 

f o r  ana lyz ing  p i t c h  damping, T h i s  takes i t s  depa r tu re  from the  
I n  Chapter 4 is  der ived  a l i f t i n g  l i n e  equat ion  s u i t a b l e  
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l i f t  su r f ace  i n t e g r a l  equat ion i n  [l] concerning s teady  r o t a t i o n  
wings. The equat ion i s  der ived  when it i s  assumed tha t  there 
i s  a small in f low and t h a t  t h e  in f luence  of d i s t a n t  v o r t i c e s  
i s  n e g l i g i b l e ,  

Next, t h i s  c a l c u l a t i n g  method was appl ied ,  and t h e  p i t c h  
t damping was c a l c u l a t e d  f o r  a model i n  which t h e  f l u c t u a t i o n s  i n  

the d i s t a n c e  between the  blade and the wake vor tex  were taken  
i n t o  cons ide ra t ion .  The r e s u l t s  agreed with the experimental  
va lues  be t te r  than  the c a l c u l a t e d  va lues  obtained by us ing  
o t h e r  t h e o r i e s .  

I n  Chapter 4 i s  proposed a formula f o r  c a l c u l a t i n g  s imply  
Mi, t h e  d e r i v a t i v e  of p i t c h  damping which occurs when a r i g i d  
r o t o r  performs p i t c h i n g  a t  a d e f i n i t e  angular  v e l o c i t y .  It 
was proved, by a comparison w i t h  the  experimental  va lues  i n  [ 6 ] ,  
t h a t  t h e  r e s u l t s  ob ta inea  by  us ing  t h i s  formula are q u i t e  good. 

CHAPTER 1. EXPERIMENTAL RESEARCH I N  PITCH DAMPING 

The p i t c h  damping of a r i g i d  r o t o r  i n  a s t a t e  of hovering 
was sought experimental ly .  The appearance of t h e  vortex i n  the 
r o t o r  wake was i n v e s t i g a t e d  by means of smoke experiments. 

There are two t y p e s  of experimental  devices  f o r  measuring 
p i t c h  damping. Photographs of both t y p e s  are shown i n  F igs .  3 
and 5. The s a l i e n t  f e a t u r e s  of both of them are as shown i n  
Fig.  6. The r o t o r  and i t s  suppor t ing  frame are supported by 

Fig.  6 .  Diagram of 
mental apparatus .  

-- 

I 

t h e  experf-  

After s e t t i n g  the p i t c h  angle  of 

bear ings  a t  both-ends.  The  
bear ing  shafts are h o r i z o n t a l ,  
and the  r o t o r  hub i s  loca ted  
on t h i s  a x i s .  The r o t o r  
shakes l i k e  a pendulum i n s i d e  
a v e r t i c a l  plane,  c e n t e r i n g  
around the  a x i s .  The exper i -  
ments were performed i n  a room 
wi th  a high enough c e i l i n g ,  
and t h e  angle  of  incidence and 
the  d i r e c t i o n  of r o t a t i o n  were 
s e t  so t ha t  t h e  rotor wake would 
blow up toward the  c e i l i n g .  
Therefore ,  it i s  no t  necessary 
t o  cons ider  the  in f luence  of 
the  ground e f fec t .  Natura l ly ,  
t h e  surroundings may b e  con- 
sidered t o  be windless ,  and 
the r o t o r  c u r r e n t  w i l l  no t  be 
dis turbed by e x t e r n a l  c u r r e n t s .  

the  blades and r o t a t i n g  the  
r o t o r  a t  a d e f i n i t e  speed, if one I n c l i n e s  t he  suppor t ing  frame 
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and then  releases the hand, the  p i t c h i n g  amplitude w i l l  be 
damped gradual ly .  
tude damping. 
two blades and r o t o r s  having three blades. 

The p i t c h  damping i s  sought from t h i s  ampli- 
The experiments were performed w i t h  r o t o r s  having 

1.1. Experiments w i t h  Rotors Having Two Blades 

Experimental Apparatus 

A photograph of the equipment i s  shown i n  F ig .  3 .  Figures  7 
and 8 are explanatory diagrams of  the eauipment and of the  meas- 
u r ing  instruments .  The dimensions 
equipment are shown i n  Table 1. 

a=- 

% I ” uyl u ~ 

I 

Fig .  7. P i t c h  damping exper i -  
mental appara tus ,  r o t o r  wi th  two 
blades 

1. Blade 5. Bearing 
2 .  Motor 6. S h u t t e r  
3 .  CdS 7. CdS 
4. Miniature  

l i g h t  bulb 

/9 

and &hkr data about t h e  

Since the  purpose of 
t h e  experiments i s  t o  
measure t h e  p i t c h  damping 
which occurs on account of 
the  po r t ion  i n h i b i t i n g  the  
p i t ch ing ,  among t h e  moments 
which are produced around 
the p i t c h i n g  a x i s  by t h e  
a i r  f o r c e s  which are pro- 
duced accompanying t h e  r o t a -  

, t i o n  of  t h e  r o t o r ,  i t  i s  
necessary t o  exert  t h e  utmost 
e f f o r t  t o  avoid p i t c h  damp- 
i n g  caused by mechanical 
f r i c t i o n .  Therefore ,  the 
fol lowing method was used 
t o  measure the  r o t o r  revolu- 
t i o n  speed and the  p i t c h i n g  
angle .  Please r e f e r  t o  Fig.  
7. The rotor blade (1) 
which i s  turned by t h e  motor 
( 2 )  i s  supported,  a long w i t h  
the suppor t ing  frame, by 

bear ings  ( 5 )  and performs p i t ch ing .  The l i g h t  from-the minia ture  
l i g h t  bulb ( 4 )  sh ines  on the  CdS element ( 3 ) .  Whenever the blade 
passes through t h i s  space,  t he  l i g h t  i s  i n t e r r u p t e d ,  and t h e  
e l e c t r i c a l  r e s i s t a n c e  of  the CdS element i nc reases .  The c u r r e n t  /Ip 
pass ing  through the  c i r c u i t  i n  Fig.  8 i n t o  the  v id i co rde r  d i s p l a y s  
pu lse- l ike  reduct ions  each t i m e  the  b l ades  pass through, and 
pulses  i n d i c a t i n g  .the passages of t he  blades a r e  p l o t t e d  on t h e  
r eco rd ing  c h a r t .  The r e v o l u t i o n  speed of t he  r o t o r  can be d is -  
covered by r ead ing  these pu l ses  and the  t i m e  marks. The p i t c h i n g  
angle  w a s  measured i n  the fo l lowing  manner. A douser which i s  
e c c e n t r i c  from the  p i t c h i n g  a x i s  was lowered down and was arranged 
so tha t  it would move v e r t i c a l l y  a long  w i t h  t h e  p i t c h i n g  motion. 



Fig. 8. Device f o r  measuring t h e  
r o t o r  r e v o l u t i o n  speed and p i tch-  
i n g  angle .  

3. Miniature  7. CdS 
l i g h t  bulb 8. L i g h t  bu lb  

* 4 .  CdS 9.  D.C. power 
6. S h u t t e r  source 

The l i g h t  q u a n t i t i e s  en te r -  
i n g  the  CdS element ( 7 )  
would f l u c t u a t e  as the  
douser moved up and down, 
varying t h e  inpu t  c u r r e n t  
f o r  t h e  v id i co rde r .  On 
the  record ing  o h a r t  i s  
p l o t t e d  the damping vibra-  
t i o n  curve corresponding t o  
t h e  t i m e  changes i n  the  
p i t c h i n g  angle .  It was 
confirmed by s t a t i c  c a l i b r a -  
t i o n  t h a t  there  i s  a l i n e a r  
r e l a t i o n s h i p  between t h e  
p i t c h i n g  angle  and the  move- 
ment of t h e  b r i g h t  s p o t  on 
the  r eco rd ing  c h a r t .  Since 
t h e  t i m e  l ag  o f  t h e  measur- 
i n g  s y s t e m  i s  q u i t e  small i n  
comparison w i t h  the  p i t c h i n g  

TABLE 1. SPECIFICATIONS OF PITCH DAMPING EXPERIMENTAL APPARATUS A 
(TWO BLADES). 

~ ~ 

Rotor diameter 
I n e r t i a  e f f i c i e n c y  around the  
Weight of t h e  p o r t i o n  performl 
Pos i t i on  of  c e n t e r  of g r a v i t y  

P i t ch ing  per iod 
p i t c h i n g  a x i s )  

p i t ch ing  axis 
.ng shaking motion 
(under t h e  

1100 mm 
0.105 kg/m/s2 
22.2 kg 

0.18 m 
1 . 0 2  sec  

S p e c i f i c a t i o n s  of Mounted Blade A 

P r o f i l e  ‘NACA 0012 
Radius 550 mm 
Chord l e n g t h  80 mm 
Lock number 4.436 
F lexura l  p r imary  c h a r a c t e r i s t i c  frequency 1170 rpm 
Material Japanese cypress  

per iod of l i second,  it i s  be l ieved  tha t  t h e  record  i n d i c a t e s  cor- 
r e c t l y  t he  temporal changes i n  the p i t c h i n g  even i n  dynamic 
measurements. T h e  l i g h t  bulb  (8)  i s  turned  on by means of D.C. 
i n  o r d e r  to prevent the 100 c/s noise  from e n t e r i n g  the  r eco rd .  
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Measuring Methods 

Before making the gene ra l  measurements, the  f l e x u r a l  p r i -  
mary c h a r a c t e r i s t i c  frequency of t he  b lades ,  t h e  p i t c h i n g  per iod ,  
and the i n e r t i a  e f f i c i e n c y  around t h e  p i t c h i n g  a x i s  are measured. 
The f l e x u r a l  pr imary  c h a r a c t e r i s t i c  frequency of the  blades was 
measured by means of  a Tamaru type  v i b r a t i o n  tes ter  [29], When 
the r i g h t i n g  moment occur r ing  when the p i t c h i n g  ax i s  has been 
i n c l i n e d  and the  p i t c h i n g  per iod are measured, t h e  i n e r t i a l .  
e f f i c i e n c y  around t h e  p i t c h i n g  a x i s  can be sought with Eq. (l-l)* 

S e t t i n g  the  p i t c h i n g  angles  of t h e  b lades  a t  -0, 3 ,  6 ,  9,  
and 12O, w e  took a t i m e  record  of  t h e  rotor r e v o l u t i o n  speeds 

t i o n  speeds set  at  300, 400, 50S, and 600 rpm f o r  each angle  
of inc idence ,  According t o  t he  time reco rds  which were obtained,  

. and the p i t c h i n g  angles  s e v e r a l  t imes each, w i t h  t h e  r o t o r  revolu- 

t he  p i t c h i n g  can be regarded as damping v i b r a t i o n  of  a 
sys tem.  Thus, t he  p i t c h i n g  was sought by means of Eq. 

secondary 
(1.2). 

Even when t h e  rotor i s  not  t u rn ing ,  a damping.coeff ic ient  
of -0.002 kg/m/s i s  obtained f o r  t h e  value of aM/ae on account 
of the bear ing  f r i c t i o n .  Therefore ,  t h i s  was s u b t r a c t e d  from 
the va lues  obtained by means of  Eq. (1.2), and the r e s u l t  was 
used as the measured value of t he  p i t c h  damping. V e r t i c a l  l oads  
i n  t h e  oppos i te  d i r e c t i o n  are produced i n  both bear ings  by the 
gyro moment which occurs  when p i t c h i n g  motion is performed by  
the parts i n  which the  blades and motor are r o t a t i n g .  There i s  
concern that  the  measured values  of t h e  p i t c h  damping might 
change because o f  t h i s .  However, when t h i s  was i n v e s t i g a t e d ,  
it was learned i n  the f i n a l  a n a l y s i s  that  i t  i s  n e g l i g i b l e .  T h i s  
w a s  checked i n  t h e  fo l lowing  manner. F i r s t ,  t h e  p i t c h  damping 
was compared when t h e  motor was r o t a t e d  w i t h  t h e  blades removed 
and when t h e  motor was no t  r o t a t e d ,  and i t  was asce r t a ined  t h a t  
there were no d i f f e r e n c e s ,  That i s ,  it was learned that  t he  
v e r t i c a l  loads appl ied on the  bear ings  by t h e  gyro moment pro- 
duced because of  t h e  r o t a t i o n  o f  t h e  motor do  not e x e r t  any 
in f luence  on the  p i t c h  damping. Next, t he  load app l i ed  on the 
bear ings  by the gyro moment which occurs  when the  blades are 
r o t a t i n g  was ca lcu la t ed .  It was found t o  be 0 .21  kg even a t  a 
r e v o l u t i o n  speed of 400 rpm and an amplitude of 5.7'. 
l earned  that  t h i s  i s  n e g l i g i b l e ,  s i n c e  it amounts t o  approximately 
1% of  t he  load of t h e  motor and the  suppor t ing  frame. 

It was 
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Measurement Resul t s  

The measured va lues  are shown i n  Fig.  9 .  The blades are 
made of  Japanese cypress ,  and t w i s t i n g  occurs dur ing  t h e i r  r o t a -  
t i o n .  It is  be l ieved  that  there are divergences between t h e  
set values  of the p i t c h  angles  and t h e  a c t u a l  p i t c h  angles .  A s  
i s  c l e a r  from the f igure,  it was observed tha t  t h e  p i t c h  damping 
incre.ases more r a p i d l y  than  the r o t o r  r e v o l u t i o n  speed i n c r e a s e s .  

The so l id  l i n e  i n  t h e  
f i g u r e  i s  t h e  c a l c u l a t e d  

1 values  obtained w i t h  Eq. --.- ~- -".._  ̂- . 

-.04 . 

MI 
kgmsec 

-.03 . 

-.02 . 

-.01. 

( 2 ) ;  t h e  values  are some 
two t o  three times g r e a t e r  
than  the  measured values .  

* I  
- 7 b - - Y t 5 Y + f J t f  

0 0 '  . 
A3 ' 
0 6  ' When the  p i t c h  angle  i s  O o ,  
0 9 '  . the  S e l a t i o n s h i p  between 

aM/a9 and t h e  rotor revolu- 

from that  which a p p l i e s  
when t h e r e  are o the r  p i t c h  
ang le s ,  It i s  bel ieved 
t h a t  t h i s  i s  because t h e  
s ta te  of t h e  a i r  c u r r e n t s  
around t h e  r o t o r  i s  e n t i r e l y  
d i f f e r e n t ,  as i s  c l e a r  from 
the  photograph i n  Fig.  51. 

t i o n  speed i s  d i f f e r e n t  /1; 

1.2 .  Experiments w i t h  Three- 
I Bladed Rotors 

0 100 2OD 300 400 500 600 
rpm 

Fig .  9 .  Comparison of t h e  exper l -  
mental and t h e o r e t i c a l  va lues  of  
p i t c h  damping f o r  a rotor wi th  
two blades.  Rzs = 0.55 m; b' = 
= 0.040 m; p = 1.02 c/s .  

Key: 1. Blade p i t c h  angle  
2 .  Theore t i ca l  value 

The experiments w i t h  
three-bladed r o t o r s  were 
performed by the  same 
methods arid f o r  the  same 
purposes as those  w i t h  two- 
bladed r o t o r s .  A b r i e f  
diagram of t h e  equipment i s  
shown i n  F i g ,  1 0 .  The 
measurements are shown i n  
Table 2. 

Experimental Apparatus 

The blades, which are made of  aluminum, have a small wing 
chord and a great t w i s t i n g  r i g i d i t y .  Thus, there i s  no need f o r  
concern about t he  p o s s i b l e  occurrence of t w i s t i n g  deformations 
du r ing  r o t a t i o n .  
w i th in  a range o f  21.6~. 
measure the  r e v o l u t i o n  speeds of the r o t o r .  As is shown i n  Fig.  11, 

The blade p i t c h  angle  can be selected a t  w i l l  
The fol lowing arrangement i s  used t o  

20 



c 
Fig. 10. P i t c h  camping experi-  
mental apparatus ,  r o t o r  w i t h  
three blades. 

the  l i g h t  from t h e  s p o t l i g h t  (1) 
going i n t o  t h e  p h o t o c e l l  ( 2 )  i s  
i n t e r r u p t e d  every t i m e  t h e  
blades pass by, caus ing  pulse- 
l i k e  v a r i a t i o n s  i n  the  p h o t o c e l l  
output .  The p h o t o c e l l  output  
i s  amplified and then  introduced 
i n t o  t h e  frequency counter  ( 6 )  
The r o t o r  r e v o l u t i o n  speed i s  
ind ica t ed  d i g i t a l l y  here every 
10  seconds,  A damping meter 
C8, 93 ( 6 )  was used to seek t h e  
* ) t; 

TABLE 2 .  SPECIFICATIONS FOR PITCH DAMPING EXPERIMENTAL APPARATUS B 
(THREE BLADES) 

Rotor diameter 1800 mm 
I n e r t i a  e f f i c i e n c y  .around p i t c h i n g  a x i s  
P i t ch ing  per iod 

0 .92  kg/m/sec2 
1 ,323  sec  

p i t c h  damping from t h e  t i m e  f l u c t u a t i o n s  of t he  p i t c h i n g  angle ,  
The p i t c h i n g  ang le  was de tec t ed  by means of a s p r i n g  and s t r a i g h t  
gauge device such as t h a t  shown i n  F ig ,  1 2 .  Whenever the rotor 
i s  i n c l i n e d ,  t he  s p r i n g  (1) c o n t r a c t s ,  and the  leaf s p r i n g  ( 2 )  
d e f l e c t s .  There are f l u c t u a t i o n s  i n  the r e s i s t a n c e  of the 
s t r a i n  gauge ( 3 )  which is attabhed to t he  leaf sp r ing .  The 
input  c u r r e n t  of t h e  s t r a i n  meter ( 4 )  changes i n  accordance w i t h  
the  r e s i s t a n c e  f l u c t u a t i o n s ,  Af te r  t he  A.C,  components have been 
ampl i f ied ,  the  n o i s e  i s  removed by the  low pass f i l t e r  ( 5 ) ,  and 
the  cu r ren t  e n t e r s  the  damping meter ( 6 ) .  When 9 s i g n a l  c u r r e n t  
w i t h  harmonic v i b r a t i o n s  which are damped i n  t h e  manner shown i n  
Eq. (1.3) are applied t o  the  damping meter, i t  i s  p o s s i b l e  to 
take readings  o f  t he  va lues  of  a and w from the  numerical  va lues  
ind ica t ed  d i g i t a l l y .  

In p i t c h  damping experiments,  t he  input  vo l t age  of the damping /12 
meter i s  q u i t e  c l o s e  t o  that  given i n  the above equat ion .  There- 
f o r e ,  t he  p i t c h  damping was sought from the  numerical  va lues  
ind ica t ed  by the  damping meter. 

The experiments were performed f o r  three sets of blades 
w i t h  d i f f e r e n t  Lock numbers and d i f f e r e n t  r i g i d i t y .  The 
c h a r a c t e r i s t i c s  of each of  t h e  blades are shown i n  Table 3, and 
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9 I 

--- 

Fig. 11. Device f o r  measuring r o t o r  
r e v o l u t i o n  speed. 

1. S p o t l i g h t  5. Amp and f i l t e r  
2.  Motor 6. Frequency 
3 .  Blade 1. counter  
4. Motor 

a diagram i s  shown i n  Fig.  
13. The B blade was a 
hollowed-out p l a t e ,  and 
the C and D b lades  were 
made of a framework 
formed by hollowing out 
a p la te ,  t o  which aluminum 
plates wi th  a th i ckness  
of 0.5 mm were bonded. 
Both B and C p l a t e s  have 
the  same NACA 0012 wing 
s e c t i o n ,  but  D i s  NACA 0018. 
Since t h e  cons t ruc t ion  o f  
C was d i f f e r e n t ,  i t s  
p r imary  f l e x u r a l  charac- 
t e r i s t i c  frequency was 
24% greater t h a n  t h a t  of 
B,  I n  D, t h e r e  was an 
inc rease  of  the wing 
thickness-;  s o  t h a t  t h e  
p r imary  f l e x u r a l  charac- 
t e r i s t i c  frequency has 
increased by 64% over 
t h a t  of B. 

The damping of t h e  
amplitude caused b y  
bear ing  f r i c t i o n  was 
co r rec t ed  i n  the  same 
way as i n  t h e  case  of t h e  
two-bladed r o t o r s .  

The in f luence  of t h e  
v e r t i c a l  loads  app l i ed  
on the bear ings by t h e  
gyro moment occurr ing  
when the r o t a r y  parts 

perform p i t ch ing  movement i s  n e g l i g i b l e .  The s p e c i f i c a t i o n s  of 
the  experimental  appara tus  are shown i n  Table  2. 

Measuring Methods 

The p i t c h  angles  were set  at  4 ,  6,  8, and l o o  f o r  each of 
the  three sets of blades mentioned above. A t  each p i t c h  angle ,  
the  rotor r e v o l u t i o n  speeds were varied wi th in  t h e  range of 250 r p m  
t o  450 rpm, and t h e  p i t c h  damping was measured. Since the  rotor 
revoluhion speed and the p i t c h  damping can be ind ica t ed  d i g i t a l l y ,  
as was mentioned previous ly ,  it was t h e r e f o r e  poss ib l e  t o  o b t a i n  
q u i t e  a large amount of experimental  va lues .  The primary f l e x u r a l  
c h a r a c t e r i s t i c  frequency of the blade was measured wi th  a s t r a i n  
gauge 

22 



The measurement I 

Fig. 1 2 ,  Device Par mea8wffig t h e  
p i t c h i n g  angle, 

li Spring 4, Strain tnetcr 
2, Leaf spring 5 @  
3 6  8train gauge! 6. 

The; Following con- /1(4 
c lubions  can b e  reached 
h ~ ~ r n  & survey of' t h e  

pimental  values  

I.) Thks p i t c h  damping 
QincPcaases abrup t ly ,  r a t h e r  
than  inomasing i n  l inear  
prespertion t o  t h e  r o t o r  
PsVcdtlkion epeed 

2) When there are t h e  
t c h  ang le s  and t h e  
t o r  Pevalution speeds,  

t h e  I3 bhsde hae the g r e a t e s t  

and this 0 blade i n  deacend- 

Lah daVnghgil $t 98 i:' 
11prwel.l by the C blade  

ing srdara 

1 ------- 

3 )  There a m  eaofelis whet~ the p o i n t s  arts quite d i spe r sed  
i n  the experimental  relsultls and also cabea when thegsare hardly 
d i spe r sed  a t  a l l c  
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Fig.  15. Measurement r e s u l t s  
f o r  p i t c h  damping of three- 
bladed r o t o r s .  R;z* = 0.800 m; 
b t  = 0,024 m; p = 0.756 c / s ,  
Key: 1. B blade 6 O  

Key: 1. B blade 8 O  Key: 1. B blade l o o  
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Fig.  18. Measurement r e s u l t s  for Fig. 19. Measurement r e s u l t s  
p i t c h  damping of  three-bladed f o r  p i t c h  damping of  t h r e e -  
rotors. bladed r o t o r s .  P.2' = 0.800 m; 
= 0.024 m; p = 0.756 c/s.  b g  = 0.024 m; p = 0.756 c / s ,  

R2' = 0.800 m; b t  = 

Key: 1. C b l ade  4 O  Key: 1. C b lade  6.O 
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Fig .  20. Measurement resu l t s  f o r  
p i t c h  damping of three-bladed 
r o t o r s .  R2( = 0.800 m; b v  = ,  
= 0.024 m; p = 0.756 c/s4 

I 

300 400 rPm 

Fig. 21. Measurement r e s u l t s  
f o r  p i t c h  damping of th ree -  
bladed ro to r s .  R2' = 0.800 m; 
b '  =.0.024 m; p = 0.756 c / s .  

Key: 1. C b l a d e  8* Key: 1, C b l ade  l o o  
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Fig.  25. Measurement r e s u l t s  
f o r  p i t c h  damping of th ree -  
bladed r o t o r s .  R2' = 0.800 m; 
b P  = .0.024 m; p = 0.756 c/s. 

Key: 1. D b l ade  10° 
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Fig. 26a. P i t c h  damping of C blades 
at r o t o r  r e v o l u t i o n  speeds i n  the 
v i c i n i t y  of 400 rpm. R2' = 0,800 m; 
b v  = 0.024 m; p = 0,756 c/s. 
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Fig. 26b. P i t c h  damping of C blades 
at r o t o r  revoPution speeds i n  the 
v i c i n i t y  of 400 rpm, R2' = 0.800 m; 
b '  = 0.024 m; p = 0,756 c/s.  

4 )  I n  t h e  B and C 
blades, the p i t c h  damp- 
i n g  decreases  consider-  
a b l y  when there i s  a 
p i t c h  angle  of  l o o .  I n  
the D blade, i t  decre.ases 
when there i s  a p i t c h  
angle  of 8O. 

t h e  inc rease  of t he  p i t c h  
damping t o g e t h e r  w i t h  t h e  
i n c r e a s e  of t h e  r o t o r  
r evo lu t ion  speed i s  much 
more pronounced than  i n  
the  other  t y p e s  of blades. 

5)  I n  t h e  D blade,  

I n  a d d i t i o n  t o  t h e  
s e r i e s  of measurements 
already mentioned, t h e  
f l u c t u a t i o n s  of t h e  p i t c h  
damping were i n v e s t i g a t e d  
f o r  t h e  C blade by varying 
the p i t c h  angle  from 4' 
t o  go w i t h  a r e v o l u t i o n  
speed i n  the  v i c i n i t y  of 
400 rpm, The r e s u l t s  
are shown i n  Fig.  26. 

I n  a l l  of t h e  experi-  
mental va lues ,  t h e  p i t c h  
damping was much smaller 
than  the  value ind ica t ed  
by Eq.  ( 2 ) .  T h i s  was 
t r u e  i n  t h e  same way as i n  
t he  r e s u l t s  f o r  two-bladed 
r o t o r s .  

1.3. 

A s  was mentioned above, even when the o t h e r  condi t ions  a r e  
e x a c t l y  t h e  same, there w i l l  be q u i t e  far-reaching changes i n  
the p i t c h  damping when the  f l e x u r a l  r i g i d i t y  of t he  blades changes. 
Thus, i t  i s  desired t o  make c l e a r  t h e  r e l a t i o n s h i p  between the  
f l e x u r a l  r i g i d i t y  of t he  blades and t h e  p i t c h  damping. 

Aeroe la s t i c  Analysis of P i t c h  Damping 



According t o  the s t u d i e s  of Naito, i t  has been found t h a t  when 
r o t o r  blades having t h e  same geometric shape are r o t a t e d  a t  t h e  
same p i t c h  angle  and t h e  same r e v o l u t i o n  speed, t he  p i t c h  damping:]; 
w i l l  be  greater t h e  greater i s  the  primary f l e x u r a l  c h a r a c t e r i s t i c  
frequency of t h e  blades. Furthermore, the p i t c h  damping does no t  
i nc rease  i n  l i n e a r  propor t ion  t o  the  r o t o r  r evo lu t ion  speed, but 
the rate of i nc rease  of t h e  p i t c h  damping w i l l  be greater t h e  
higher i s  t h e  r e v o l u t i o n  speed. 

According t o  the  s tud ie s  of  Townsent, i n  blades i n  which 
bending and t w i s t i n g  deformations do no t  occur a t  a l l ,  t h e  p i t c h  
damping i s  l i n e a r l y  p ropor t iona l  t o  t h e  r o t o r  r evo lu t ion  speed, 
as i n  Eq. (1). 
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When w e  cons ider  these two f a c t s  i n  conjunct ion w i t h  each 
o the r ,  i t  would appear t h a t  t he  p i t c h  damping i n  a c t u a l  blades 
can be d iv ided  up i n t o  a p o r t i o n  which i s  i n  l i n e a r  propor t ion  
t o  t h e  r e v o l u t i o n  speed and a po r t ion  which v a r i e s  non l inea r ly  
w i t h  r e s p e c t  t o  t h e  r e v o l u t i o n  speed. A s  Townsent assumed, t he  
former i s  p i t c h  damping which occurs i n  r o t o r  blades where e las t ic  
deformations do not  occur.  It i s  generated d i r e c t l y  by t h e  r o t o r  
s u r f a c e ' s  p i t c h i n g  motion. On t h e  o the r  hand, i n  t h e  l a t t e r  
case,  e l a s t i c  deformations occur i n  t h e  blades toge the r  w i t h  t he  
p i t c h i n g  motion of t h e  r o t o r ,  and t h e  p i t c h  damping i s  generated 
through these deformations.  The l a t t e r  i s  powerfully inf luenced 
by the  primary f l e x u r a l  c h a r a c t e r i s t i c  frequency of t h e  blade. 

damping of r o t o r s  can be d iv ided  up sys t ema t i ca l ly  i n t o  these,  
two c lear -cu t  d i v i s i o n s .  I f  t h i s  were poss ib l e ,  t h e  former, 
M i R ,  that  i s ,  t h e  p i t c h  damping generated d i r e c t l y  by the  p i t ch -  
i n g  motion of t h e  r o t o r  su r face ,  would be l i n e a r l y  p ropor t iona l  
t o  t h e  r o t o r  r e v o l u t i o n  speed. A l l  b l ades  ought t o  have t h e  
i d e n t i c a l  value as long as t h e  r o t o r  r e v o l u t i o n  speed, the  p i t c h  
angle, . ,and the  geometric cond i t ions  were the  same. L e t  u s  con- 
sider the  method o f  a b s t r a c t i n g  these p o r t i o n s  which are un re l a t ed  
t o  blade deformation from the p i t c h  damping experimental  data and 
of comparing the  va lues  w i t h  Townsent's c a l c u l a t e d  values .  

L e t  u s  suppose, f o r  the sake of argument, t h a t  the  p i t c h  

It was assumed that  t h e  a i r  f o r c e s  ope ra t ing  on the  r o t o r  
blades can be c a l c u l a t e d  simply by  means of quasi-steady two- 
dimensional theory .  Th i s  problem was analyzed by t h e  Rayleigh- 
Ri tz  method, t a k i n g  i n t o  cons ide ra t ion  the  fact  t h a t  bending 
e l a s t i c  deformations occur i n  the  blades. We w i l l  cons ider  
cases  i n  which the r o t a t i n g  angular  v e l o c i t y  of t he  r o t o r  has a 
cons tan t  value !2 and the r o t o r  su r face  performs a s i n u s o i d a l  
p i t c h i n g  motion expressed by 9 = 8 s i n p t .  We sought the bending 
e las t ic  deformations of  t he  blades which occur t o g e t h e r  wi th  
p i t ch ing .  Next, w e  c a l c u l a t e d  t h e  p i t c h  damping from the temporal 
v a r i a t i o n s  i n  t h e  moment generated around t h e  p i t c h i n g  ax is .  It 
is  assumed that  the a i r  f o r c e s  ope ra t e  on t h e  c e n t r a l  l i n e  of the  
blade and that  the  mass is  a l s o  concentrated on the c e n t r a l  l i n e .  
It is assumed that  the  blade8 only undergo bending deformations - . .  
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A simple bending motion was 
assumed. 

I n  Fig.  27, t h e  XYZ 
coord ina te  sys t em and the  
x 'y ' z '  coodinate  s y s t e m  
used d u r i n g  a n a l y s i s  are 
shown i n  c o n t r a s t  w i t h  t he  
X i Y i Z i  coord ina te  s y s t e m  
f ixed  i n  space. The XYZ 
system i s  a dynamic coordi-  
n a t e  s y s t e m  w i t h  (?- p i t c h i n g  
angular  v e l o c i t y  9 3 .  The 
x ' y ' z '  coord ina te  s y s t e m  i s  
a dynamic coord ina te  system 
r o t a t i n g  around t h e  p i t c h i n g  
a x i s  and the  shaft  a x i s .  I ts  
angular  v e l o c i t y  i s  

F ig .  27. Bending deformations of 
blades which occur t o g e t h e r  with 
p i t ch ing .  

The p o s i t i o n  vec tor  r a t  a 
,po in t  on the blade can be 
w r i t t e n  as follows: 

The v e l o c i t y  vec to r  v a t  t h e  same po in t  can be w r i t t e n  as fol lows:  
4 

The l e n g t h  a long  the blade measured from the hub c e n t e r  toward 
the t i p  i s  s When there are Q blades, from blade 0 t o  blade 
Q-1, the k i n e t i c  energy of the blade is: 



When the blades undergo bending deformation, t h e  s t r a i n  energy 
s t o r e d  up i n s i d e  t he  blades w i l l  be: 

Next, l e t  us  consider  the  a i r  fo rces  ope ra t ing  on the blades.  
It i s  assumed that  t h e  a i r  fo rces  opera te  v e r t i c a l l y  on the  
cen te r  l i n e  of the blades and tha t  t h e y  are wi th in  a plane includ- 
i n g  t h e  z '  a x i s .  T h i s  s i g n i f i e s  t h a t  w e  are 
opera t ing  on the  blades, but  t h i s  i s  because 
t h e  drag to the  p i t c h  damping i s  a secondary 
magnitude of the a i r  f o r c e s  ope ra t ing  on the  
w i t h  l eng th  d s '  is: 

i g n o r i n g  the  drag 
the con t r ibu t ion  of  
microquant it y . The 
po r t ion  of the  blade 

The d i r e c t i o n a l  cos ine  vec tor  with r e s p e c t  to the x ' y ' z '  
coord ina te  sys t em of t h e  a i r  f o r c e  vec to r  i s :  

and t h e  a i r  fo rce  vec tor  is:  

' (1 .10 )  

The bending mode func t ion  of t h e  blade i s  
deformation of t he  blade a t  t h i s  t i m e  can 
us ing  t h e  genera l  coord ina te  f: 

- 
i"-- .tn'=s'P W f q  

expressed as s) .  The 
be w r i t t e n  as h ollows, 

(1 11-1) 
(1.11-2) 

= 1 when s = 1. S t f q  i s  the  d" ~ ( ~ 4  i s  s e l e c t e d  so that ~1 
amount o d e f l e c t i o n  a t  the  b l a  e t i p .  
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We are here cons ider ing  a case  i n  which t h e  r o l l i n g  motion 
of t he  r o t o r  blade system is  cons t ra ined  and t h e  r o t a t i n g  
angular  v e l o c i t y  of t he  r o t o r  i s  cons t an t .  Thus, w e  w i l l  
d e s c r i b e  t h e  movement i n  which the  gene ra l  coord ina te s  are con- 
s i d e r e d  t o  be the fq, which are Q i n  number, r e p r e s e n t i n g  the 
deformation of t he  blades and the  8 ,  which r e p r e s e n t s  the  
p i t ch ing .  The v i r t u a l  displacement 6,, which occurs  a t - o n e  po in t  
(0, yq' ,  z 
have o c c u d e d  i n  the g e n e r a l  coord ina tes  is: 

on the blade when v i r t u a l  displacements  6 f q  and 68  

A s  f o r  the  e x t e r n a l  fo rces  ope ra t ing  on the blades, we con- 
s ider  t h e  a i r  f o r o e  as well as the  moment My which i s  imposed 
from o u t s i d e  i n  o rde r  t o  cont inue the p i t ch ing .  The v i r t u a l  work 
is: 

If  w e  take the  v a r i a t i o n s  concerning 6 f  and 60, t h e  gene ra l  f o r c e s  
w i l l  be : 

The Lagrange k ine t i c  equat ions  are: 

(1.12-1) 

(1.12-2) 

(1 13-1) 

(1 13-2) 



When fS, k8, and 6 are minute, these equat ions  can be w r i t t e n  
approx m a t  ly i n  the fo l lowing  manner: 

(1 .14 -1 )  

(1 .14-2)  

Thus, w e  have obtained t h e  k i n e t i c  equat ion f o r  f l app ing  i n  
cases  when a p i t c h i n g  moment My i s  given from ou t s ide  t o  r o t o r  
blades w i t h  cons t ra ined  r o l l i n g  motion under condi t ions  of a 
uniform r o t o r  r o t a t i n g  angular  v e l o c i t y  and t h e y  cont inue s inus-  
o i d a l  p i t c h i n g  8 = 8 s i n p t .  We have a l s o  obtained t h e  formula 
t o  o b t a i n  t h e  necessary p i t c h i n g  moment My. A l ,  A2 ,  D 1 ,  D 2 ,  and 
A3  are def ined  as fol lows.  
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If the  downwash on the r o t o r  su r face  v i  has a uniform value 
even when the  r o t o r  i s  performing p i t c h i n g  motion, the las t  term 
on t h e  r i g h t  side of Eq. (14-1)  w i l l  be uniform and w i l l  deter- 
mine the coning of the blades. 

I n  a c t u a l  blades, it i s  extremely d i f f i c u l t  t o  seek w i t h  
accuracy the  E1 d i s t r i b u t i o n  and t h e  bending mode and t o  c a l c u l a t e  

Therefore,  the  fol lowing method i s  used, I n  s t a t i o n a r y  blades,  i n  
accordance with (1.14-1) , the  bending v i b r a t i o n  equat ion of the 
blades can be wr i t ten  as follows: 

The primary f l e x u r a l  c h a r a c t e r i s t i c  frequency of the S ta t iona ry  
blades can be measured e a s i l y .  I f  t h i s  i s  w r i t t e n  as OB, 

- . . . . . 

(1.16) 

If w e  use w and the  previously def ined  A i ,  A2, Ill, D2, and A2, 
Eq. (1.14-17 can be w r i t t e n  as follows: 

I n  the  ques t ion  of p i t c h  dam in the a c c e l e r a t i o n  frequency i s  
approximately - Q, and &2$L2 2 + "9 Q TQ i s  greater than  Q. I n  cases 
when 6 = e s i n p t ,  the p a r t i c u  ar sol'ution of Eq. (1.17) is: 

(1.18) 
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Here w e  use p E p/Q and write fS+, f C + ,  fS-, fC- ,~andof .  

0 f i s  coning. 

I f  f i s  found_, zq , i f -  , zq), yqt can beesought .  Assuming i n  
(1.14-2) ?hat 0 = 0 s i n p t ,  Pf we exgress  z q t ,  z I ,  zq8, yq' using 
fq, it i s  poss ib l e  t o  seek My. 
A, w e  can express  the  p i t c h  damping d e r i v a t i v e  as follows: 

Using the  methog shown i n  Appendix 

4 

If' w e  use Eq, (1.14-2), 

(1.20) 

(1.21) 

The f irst  term on t h e  r i g h t  side i s  t h e  con t r ibu t ion  of t h e  moment 
made up by the  a i r  fo rces  ope ra t ing  on the  blade, and t h e  second 
term on t h e  r i g h t  side i s  t h e  con t r ibu t ion  of the  moment made up 
by the  i n e r t i a l  force opera t ing  on the  blade. 

When c a l c u l a t i o n s  are c a r r i e d  out ,  
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- /2 0 
(1.22) 

x upsds s: 
The sum of t h e  first and second terms on t h e  r i g h t  s i d e  of 

Eq. (1.22) i s  t h e  same as t h e  f irst  term on t h e  r i g h t  s i d e  of  
Eq. ( 1 . 2 1 ) .  The t h i r d  term on t h e  r i g h t  s i d e  of Eq. ( 1 . 2 2 )  i s  
t h e  same as t h e  second term on t h e  r i g h t  s i d e  of Eq. ( 1 . 2 1 ) .  A t  
f i r s t  glance,  t h e  t h i r d  term on t h e  r i g h t  s i d e  of Eq. (1.22) gives 
t h e  impression t h a t  damping occurs  even i n  cases when a i r  f o r c e s  
are not  ope ra t ing  on t h e  r o t o r  blades.  However, a c t u a l l y ,  when a 
i s  0,  A 1  and A 2  w i l l  be 0; and, as i s  seen i n  Eqs. (1 .19-2)  and 
(1.19-4) ,  f C +  and f C -  w i l l  be 0 .  Consequently, t h e  t h i r d  term on 
t h e  r i g h t  s i d e  of Eq. (1 ,22)  w i l l  b e  0, I n  equat ions express ing  
damping i n  systems with a g r e a t  degree of freedom, i n e r t i a  terms 
are f r equen t ly  seen t o  appear.  The v i b r a t i o n  damper C311 i s  a 
simple example of t h i s .  The s i g n i f i c a n c e  of t h i s  term has been 
d iscussed  i n  Appendix C.  

The p i t c h  damping sought i n  t h e  experiments descr ibed  i n  
s e c t i o n s  1 and 2 corresponds t o  t h e  e n t i r e  r i g h t  s i d e  of Eq. (1.22). 
When bending e l a s t i c  deformation does not  occur i n  t h e  b lades ,  
t h e  second and t h i r d  terms on t h e  r i g h t  s i d e  of Eq. (1 .22 )  w i l l  
be 0 ,  and t h e  only p i t c h  damping c o e f f i c i e n t  w i l l  be t h e  f irst  term 
on t h e  r i g h t  s i d e .  
generated d i r e c t l y  by t h e  p i t c h i n g  on t h e  r o t o r  surface, .which 
was a l r eady  desc r ibed ,  

This i s  t h e  p i t c h  damping M ~ R  which i s  

Here, l e t  us d e f i n e  KE i n  t h e  fo l lowing  manqer: 

As l ~ ( ~ )  fiere l e t  us use 

(1.24) 
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which satisfies the mechanical and geometr ical  cond i t ions  on 
both ends of  t he  blade and which i s  a l s o  the  simplest form. If  
we suppose that  t h e  chord l e n g t h  of the  b lade  and the  mass dis-  
t r i b u t i o n  are uniform, AI, A2, D 1 ,  and D2 w i l l  be: 

73 pub's' 
; Ai== 

! 728 # 

, / 'A,=-- 639 pab'g 

KE is  a func t ion  when the  Lock number i s  y = 6pab 'S f /v ,  w / 5 2 ,  p/O. 
It can be c a l c u l a t e d  i n  the manner demonstrated i n  F igs .  2! t o  31. 

When the  measured va lues  
shown i n  F igs .  16 t o  27 are 
d iv ided  by the  correspond- 
i n g  KE, w e  w i l l  o b t a i n  t h e  
p i t c h  damping c o e f f i c i e n t s  
of imaginary blades i n  which 
no bending deformations a t  
a l l  w i l l  occur.  The meas- 

damping c o e f f i c i e n t s  were 
d iv ided  by KE and were then  
rendered nondimensional by 
us ing  Eq. ( 2 ) .  The r e s u l t s  
are showr) i n  F igs .  32 t o  43. 
It i s  c l e a r  from these f i g -  
ures that  i n  most ca ses  the  

damping d e r i v a t i v e s  w i l l  have 
a more or less uniform value 
even when the  r o t o r  r e v o l u t i o n  
speed changes. It i s  be l ieved ,  
on t h i s  account,  t h a t  t h e  
p i t c h  damping can be sepa- 

M i E ,  t he  p o r t i o n  which i s  
generated through e l a s t i c  
de fo rpa t ion  of t h e  blades; 
and M e R ,  t he  p o r t i o n  which 
i s  &nerd'tdd d i r e c t l y  by 
p i t c h i n g  of  t he  r o t o r  su r face .  
Not a l l  OR t h e  values  given 

same f o r  a l l  t h e  blades. 

- *r. \ 

- ured va lues  of t h e  p i t c h  

- . _ _ _  - -  

Fig. 28. E f f e c t s  of blade r i g i d i t y  nondimensidnalized p i t c h  
on p i t c h  dampingi 

--_ 

. rabed i n t o  two p o r t i o n s :  

I 2 - _ _ _ _  3 I_ WQ . i n  F igs .  32 t o  43 are the  0 

Fig.  2 9 .  Effects of b lade  r i g i d i t y  
on p i t c h  damping. 
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Fig.  30. Effects of blade r i g i d i t y  
on p i t c h  damping. 

. .. . - - 

Fig .  31. E f f e c t s  of blade r i g i d i t y  
on p i t c h  damping. 

The reason f o r  t h i s  i s  
a t t r i b u t a b l e ,  not only t o  
t h e  measurement e r r o r s  
accompanying t h e  experi-  
ments, but a l s o  t o  the 
f a c t  t h a t  t h e  a i r  f o r c e s  , 
and t h e  bending mode were 
supposed i n  s i m p l e  form 
when KE was sought.  

It i s  c l ea r  from F igs .  
32 t o  43 that  t h e  p i t c h  
damping which i s  generated 
d i r e c t l y  by p i t c h i n g  of t h e  
r o t o r  su r face  i s  about one- 
f o u r t h  of  the  value c a l -  
cu la t ed  us ing  Eq. ( 2 ) .  I n  
E q .  (2),  t h e  p i t c h  damping 
i s  c a l c u l a t e d  by means of  . 
s t r i p  theory ,  us ing  t h e  a i r  
f o r c e s  sough% by two-dimen- 
s i o n a l  quasi-steady theory .  
Therefore,  i t  was found tha t  
i n  problems where one i s  
seeking the  p i t c h  damping, 
it i s  not  appropr5ate  t o  
use  such a s imple  method t o  
seek the a i r  f o r c e s .  The 
f a c t  t h a t  the  a i r  f o r c e s  
governing the  p i t c h  damping 
are about one-fourth of  t h e  
a i r  f o r c e s  c a l c u l a t e d  by two- 
dimensional quasi-steady 

, 

Caption t o  Figs .  32-43. Comparison of measured va lues  of  non- - /22 
dimensionalized p i t c h  damping from which the e f f e c t  of t h e  blade 
bending deformation has been el iminated wi th  var ious  t h e o r e t i c a l  
va lues .  
A. Twa-dimensional quasi-steady theory.  B. Two dimensional unsteady 
theory .  C. Two-dimensional unsteady theory inc lud ing  the wake 
vor tex .  D.  Three-dimensional quasi-steady theory.  E. Three-dimen- 
s i o n a l  unsteady theory ,  F, Thre’e-dimensional quasi-steady theory  
inc lud ing  t h e  e f fec ts  of t h e  wake vortex. (3. Three-dimensional 
quasi-steady theo ry  inc lud ing  t h e  wake vo r t ex  and also the fluc- 
t u a t i o n s  of  the b lade  d i s t a n c e .  

General  Key: 
1, Experimental values . 
2 B (C) blade, 0 
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theory  i n d i c a t e s  t ha t  a 

ari 
,\I.Rimo 
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unique a i r  f o r c e  genera t ion  
mechanism i s  present  there.  
I n  Chapter 2 and beyond, t h e  

p i t c h  damping are sought ,  
J assuming t h a t  bending defor-  

mations do not  occur i n  the 
blades, and the  r e s u l t s  are 

2 compared with the  experi-  
mental va lues  shown i n  Figs.  
32 t o  43. 

It has been established 
c l e a r l y  t h a t  t he  p i t c h  damp- 
i n g  undergoes changes on 
account of e l a s t i c  deforma- 
t i o n s  of the  blades. L e t  us 

0 now show, w i t h  r e f e r e n c e  to 
a concre te  example of r o t o r  

Fig,  4 4 .  Changes i n  t he  p i t c h  blades, t h e  manner i n  which 
damping accompanying i n c r e a s e s  the p i t c h  damping caused by 
of the r o t o r  r e v o l u t i o n  speed e l a s t i c  deformation inc reases .  
i n  a c e r t a i n  r o t o r  blade. Figure 4 4  shows the  manner 

i n  which t h e  p i t c h  damping 
Key: 1. Analysis tak ingi . ih to  ~ changes when the  r o t o r  

cons ide ra t ion  the  r o t a t i n g  angular  speed 62 
bending e l a s t i c  defor-  i s  var ied  i n  cases  when the  
m a t  i o n  pr imary f l e x u r a l  n a t u r a l  

r i g i d  body is  1000 rpm and y i s  2. I n  

3 a i r  f o r c e s  governing t h e  

f 

1 

0 500 1000 I500 
rpm - 

2. Analysis assuming a frequency WB of the blades 

cases  wh'en e l a s t i c  defor -  
mations of t he  b lades  do no t  

occur-$ t h e  p i t c h  damping w i l l  be l i n e a r l y  propor t sonal  t o  the  
r evo lu t ion  speed. On the o the r  hand, when there are e l a s t i c  
deformations,  there i s  added a p i t c h  damping increment which is  
nonl inear  w i t h  r e s p e c t  t o  the  r e v o l u t i o n  speed. 

When it  i s  assumed t h a t  t h e r e  are e las t ic  deformations of 
t h e  blades, t h e  p i t c h  damping i s  a func t ion  no t  only of 52, but  
a l s o  of p/Q, w@,*y, I n  F igs .  28 t o  31, the manner i n  which 
the  va lues  of M e / M e R  undergo changes t o g e t h e r  with f l u c t u a t i o n s  
of WB/Q and y i n  cases  when the,p/Q i s  0.05, 0.l3 0.15, and 0.2.  
It i s  clear that  i n  all. cases  Me/MiB i n c r e a s e s  suddenly when WB/Q 
i s  i n  t h e  v i c i n i t y . o f  1, Natura l ly ,  i n  the a n a l y s i s  performed i n  
t h i s  s e c t i o n ,  it was assumed tha t  t h e  bending mode i s  as shown 
i n  Eq. (1.241, and it  would have no meaning at a l l  i n  t he  
s e c t i o n s  where It i s  clear that  i n  cases  
when y i s  great and the  a i r  f o r c e s  make a greater c o n t r i b u t i o n  
than  the Corio1;ts forces ope ra t ing  on the  blades, there w i l l  no t  
be any greater i n c r e a s e  i n  t he  p i t c h  damping caused by e l a s t i c  , 

WB/Q is close t o  0. 
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deformation. 
meters fs-, fS+, fc-, and f C + ,  which r ep resen t  t h e  e l a s t i c  deforma- 
t i o n  of t h e  blades, f l u c t u a t e i n a c c o r d a n c e  w i t h  WB/Q and y .  One can 
d i s c e r n  how t h e  e l a s t i c  deformation i n c r e a s e s  as the  W B / ~  approaches 
1 from a larger value.  I n  F ig ,  49 i s  shown the manner i n  which t h e  
bending deformation of t he  three blades f l u c t u a t e s  toge the r  wi th  
t h e  passage of  t i m e  i n  cases when D = 600 rpm, p *I 2c/s, WB = 600 rpm, 
and y = 4. 

I n  Figs .  45 t o  48 i s  shown t h e  manner i n  which para- 

1 . 4 .  Smoke Experiments with Rotor 

Vor t ices  are cons t an t ly  being produced by a i r p l a n e  p r o p e l l e r s  
and h e l i c o p t e r  r o t o r s ,  and it  i s  bel ieved t h a t  t h e  v o r t i c e s  are 
p resen t  i n  a sp i ra l  shape i n  the wake, I n  a c t u a l  f a c t ,  when a f l y -  
i n g  boat takes o f f  from the  water, t h e  water spray c o l l e c t s  around 

* t h e  vor tex  produced from the  t i p  p a r t s  of t h e  p r o p e l l e r s ,  and t h e  
s p r i a l  shapes are v i s i b l e .  On days when there i s  a high humidi ty ,  
the  steam i n  the so-called t i p  vor tex  produced from the  t i p  parts 
of t h e  blades of h e l i c o p t e r s  w i l l  condense, and it w i l l  sometimes 
be p o s s i b l e  t o  observe a spiral  shaped vor t ex  [lo]. 

Gray [ll] photographed t h e  t i p  v o r t i c e s  of h e l i c o p t e r  r o t o r s  
by p u t t i n g  c o t t o n  immersed i n  t i t an ium t e t r a c h l o r i d e  i n t o  the 
blades i n  o rde r  t o  produce smoke. 

Simons, P a c i f i c 0  and /28 
Jones [12]  photographed t h e  
t i p  v o r t i c e s  by spraying a 
f i n e  kerosene m i s t  onto t he  
r o t o r ,  

grebe [ l o ]  have used ammonium 
s u l f i d e  t o  photograph, not  
only the  t i p  Vortices, but  
a l s o  t h e  vor tex  layers on the  

fi./ s' 

Jenny, Olson and Land- 

i i n s i d e  
- f  

It i s  known from these 
. s t u d i e s  that  t h e  v o r t i c e s  gen- 

erated from the par t s  nea r  
F ig .  45. The s i n  (!J - p ) t  t h e  blade t i p s  are caught up 
components i n  bending defor -  s w i f t l y  and from t h e  t i p  vor- 
mation of blades, t e x .  However, it i s  not  clear 

what happens i n  t he  wake to 
the  v o r t i c e s  which emerge from 

far ther  in s ide .  The relative p o s i t i o n s  of t h e  blades and t h e  v o r t i -  
ces have been discuajsed i n  casehi when t h e  set p i t c h  ang le  of the  
blade s e c t i o n  and the r e v o l u t i o n  speeds have been changed, but it 
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Fig. 46. The s i n  ( a  t p ) t  
. components i n  bending defor-  

mation of blades, 

- -  . 1 “̂ ._I--- < -  
.-̂ I 

5- /B I 
I 

, 3t p/P= 0.2 

I 
I 

, 
I 
I 
i 

I 
I 

1 

0 
1 2 i- UyP i 

--I 

Fig.  47. The cos(Q - p > t  
components i n  bending defor-  
mation of  blades. 

has not  ye t  been made c l e a r  
how t h e y  change i n  accordance 
with t h e  blade dimensions and 
t h e  amount of wash-out . 

Thus, smoke experiments 
were c a r r i e d  out concerning 
three-bladed r o t o r s .  The 
arrangement of the  experimental  
appara tus  i s  shown i n  F ig .  50. 
The r e v o l u t i o n  speed of t h e  
r o t o r  was set  by means of a 
frequency counter .  The s t robo-  
scope was ad jus t ed  a t  t h e  po in t  
where the  value of t h e  r o t o r  
r e v o l u t i o n  speed reached the  
prescr ibed  value.  Then t h e  
s p o t l i g h t  was ext inguished ,  
smoke was produced, and t h e  
photographs were taken.  The 
smoke was produced by spray- 
i n g  a i r  i n t o  l i q u i d  t i t a n i u m  
t e t r a c h l o r i d e ,  i n t roduc ing  it 
i n t o  a nozzle ,  and spraying  
it out slowly from the  r o t o r  
upstream‘ When t h i s  i s  done, 
*minute c r y s t a l s  of t i t an ium 
t e t r a c h l o r i d e  are produced 
by t h e  steam i n  the  a i r .  A 
v i n y l  p ipe  w i t h  many small 
ho le s  t;lf-th a diameter of 4 mm 
was used so that  powder crys-‘1. ; 
t a l s  would not  adhere t o  the  
nozzle .  

The r o t o r  r evo lu t ion  
speeds were 300 rpm and 400 rpm, 
and t e s t s  were made wi th  blade 
p i t c h  angles  of  O o ,  4O, 8 O ,  
1 2 O ,  and 16O. Photographs of 
t y p i c a l  v o r t i c e s  are shown i n  
Fig.  51. The vor tex  posLtions 
measured fPam the photographs 

/29 

. 

are shown i n  F ig .  52. Fig.  52a shows t h e  p o s i t i o n s  of  t he  t%pivog% 
t i c e s .  They are divided i n t o  three grbups: bhe fTir8b laye’r,llsec-t, 
ond l a y e r ,  and t h i r d  l a y e r ,  beginning from t h e  upper r i g h t .  Fig.  52b 
i n d i c a t e s  t he  p o s i t i o n  of t h e  vor tex  i n  t h e  axial  d i r e c t i o n  a t  a 
p o s i t i o n  of a r a d i u s  2/3*R of the  vor tex  on the i n s i d e .  L i k e  the 
t i p  vortex,  t h i s  is also div ided  up i n t o  three groups. 
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Models of t h e  vortex i n  t he  r o t o r  wake i n  the  state of hover- 
i n g  can be produced i n  t h e  basis of t h e  measured vortex pos i t i ons .  
Such models are shown i n  Fig.  53. 

1 2 3 -10 
/- - 11- --- 

-- 

' f /e  

4 

4 hQA 
Fig. 48. The cos  (hl - p ) t  Fig. 49. Temporal changes i n  
components i n  bending defor-  bending deformat ion  of blades, 
mation of blades. hl = 600 rpm, p = 2c/s, 

W~ * 600 rpm, Lock number 4. 

". - -  - 

Fig. 50a. Layout of smoke 
experiment apparatus.  

Key: 1. 
2. 
3. 
4. 

Fig. 50a 
1. 
2, 
3. 
4. 
5, 
6, 
7. 
8, 

9. 
' 10. 

0 blade 
1 blade 
2 blade 
Azimuth angle  

4 

Key : 
Photoce l l  
h P  
F i l t e r  
Frequency counter  
Stroboscope 
Camera 
Fuming nozzle 
Container f o r  fuming 
agent 
Blower 
Spot l i g h t  

45 



J 
I 

I 

Fig,  50b. Diagram of t h e  
method of Alluminatioh and 1 

the fuming nozzle .  

x-_ - --.__I - -  

Fig .  5la. Blade wake (400  rpm, 0') 

Key: 1. Stroboscope 
2 .  S l i t  
3. Fuming nozzle  

46 



. . 

F i g .  51c. Vortex i n  blade wake . 0 1. 

(300 rpm, 8') 

__ __ - - I___-. 

F i g .  5 ld .  Vortex in blade wake 
(300 rpm, 12O) 
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-- 
Fig .  51e, Vortex i n  blade wake 

(300 rpm, 16O) 

.85 .90 .95 q4t 
1 I I 

3OOrpr 
4OOrpr 
3OOrpr 
4OOrpn 
300rpm 

- 012. 4wrpm 1 
% 

- __ 0 

F i g .  52a. T i p  vortex pos i t ions  
at state of hovering 
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1. 1. A. Q. i2. /r 
3oOrpm 400rpm 3OOrpm 4DOrpm 300rPm 4OOrpm 

I 
Fig.  52b. Axial p o s i t i o n s  of 
i n s i d e  vo r t ex  layers a t  y '  = 2/3.R2' 
a t  state of  hovering 

Key: 1, Third layer vor tex  I 

2, Second l a y e r  vor tex  
3 .  F i r s t  layer vo r t ex  

b 
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TABLE 4. VENA CONTRACTA RATIO TABLE 5. POSITION OF TIP 
OF INSIDE VORTEX VORTEX 

i . .- 

.on --. 
0.943 
0.908 
0.899 

0.935 
0.899 
0.874 

0.928 
0.890 
0.848 

0.921 
0.882 
0.822 

tion t i o n  
__L_ 

0.136 0.934 0.147 I I % l H  0.916 
0.296 0.896 0.316 6" 352M 0.874 
0.492 0.869 I 0.524 % 3 M ,  0.847 

0.160 0.918 0.189 B l @  0.903 
0.352 0.880 0.406 8" 5TS2m 0,858 
0.617 0.825 1 0.618 ; I s 3 w  0.833 

1 @ 0.889 
g 2 a  0.840 

0.185 I 0.902 f 0.229 

0.406 ' 100 1 0.865 0.495 

I 

. ,  

i 
1 0.739 , 1 0.783 1 0,711 1 B3Jg 0.818 
I 

.ion l t ion bion 
0.037 
0.131 
0.254 

0.040 
0.149 
0.276 

0.045 
0.167 
0.296 

0,OfiD 
0.165 
0.317 A 

I' 

0.928 I 0.040 
0.896 I 0.114 
0.871 1 0.205 

0.916 ! 0.045 
0.877 0.135 
0.853 0.241 

0.907 0.052 
0.864 0.160 
0.837 0.278 

0,897 I 0.057 
0.848 0.180 
0.823 0.315 

I 

I - 

. .  .-.-.. . 

0 .$ .9 1.0 @/It. 
I 0 

I 
/ 

- .2 

i 

I 
I' 300tpm 

' '5.- -*41 Y !  - 

Ffg. 53a. Model of r o t o r  wake 
vor tex  obtained from smoke 

. experiments 

i 
_r 

0 ; -.o 
I 

i 

I 
i : I t  84 4' 4OOrpm 

Fig ,  53b6 Model of r o t o r  wake 
vor tex  obtained from smoke 

* experiments 
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8 ._ .- __I_ - 
Fig. 53c. Model of r o t o r  wake 

--". I 

Fig.  53d. Model of r o t o r  wake 
vor tex  obtained from smoke vortex obtained from smoke 

experiments .experiments 

i 

- 
Fig, 53e. Model of  r o t o r  wake 
vortex [obtained from smoke 
experiments 

Fig.  53f.  Model of r o t o r  wake 
vor tex  obtained from smoke 
experiments 
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-005 - A 3OOrpm i I o 400rpm a”&/ 

.004 

.003 

. .002 

.001 

- 
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! 

i 

I O  ! 
0’ 4’ . 8’ 12‘ 

Fig. 53g. Comparison of 
t h r u s t  c o e f f i c i e n t  calcu-  
lated w i t h  t he  f low velo- 
c i t y  obtained from smoke 
experiments and t h e  theo- 
r e t i c a l  va lues  

- collective pitch angle 

Key: 1, Theore t i ca l  va lue  

a i r  f o r c e s ,  probably l e a d i n g  

The t h r u s t  c o e f f i c i e n t s  were 
calo.ulated using t h e  flow velo- 
c i t y  obtained from t h e  models and 
t h e  wake s e c t i o n a l  area, and these 
were compared w i t h  t h e  t h e o r e t i c a l  
va lues  forijhovering r o t o r s  [13]. 
The r e s u l t s  are shown i n  Fig.  53g. 
There i s  f a i r l y  good agreement a t  
p i t c h  ang le s  of 4O and 8 O .  There 
i s  much divergence at a p i t c h  angle  
of 12O. 

- /34 

CHAPTER 2, ANALYSIS OF PITCH 
DAMPING APPLYING LBBWY’S THEORYC141 

A s  was mentioned i n  Chapter 1, 
Sect ion  3 ,  t h e  a i r  f o r c e s  which 
cause p i t c h  damping i n  a r i g i d  
r o t o r  are muqh smaller than  those 
which would be a n t i c i p a t e d  from 
s teady  two-dimensional wing theory.  
A s  f o r  t h e  reason f o r  t h i s ,  t h e  
fol lowing may first be mentioned. 
Since t h e  angle  of inc idence  of t he  
blade s e c t i o n  f l u c t u a t e s  on account 
of p i t c h i n g  of  t h e  r o t o r ,  t h e  so- 
c a l l e d  unsteady effec,t  r e s u l t s  i n  
f l u c t u a t i o n s  i n  the  phase of  t h e  

t o  a r educ t ion  i n  t he  damping. In  
t h e  case  of  a r o t o r ,  i n  t h e  wake reg ion  near  t h e  r o t o r - s u r f a c e  
t h e r e  are p resen t  large amounts of  shed v o r t i c e s  which have been 
l e f t  by t he  preceding blade of  prev ious ly  by t h e  blade under con- 
s i d e r a t i o n  i t s e l f .  Therefore ,  it i s  p o s s i b l e  t h a t  t h e r e  may be 
produced on t h e  r o t o r  blade an induct ion  ve loc i ty*which  i s  far 
greater than  t h a t  which occurs  i n  t h e  case of a wing advancing 
s t r a i g h t  forward, It i s  be l ieved  f o r  t h i s  reason  that the  ampli- 
tude and phase of the a i r  f o r c e s  ope ra t ing  on a v i b r a t i n g  r o t o r  
w i l l  f l u c t u a t e  over  a broader range than  i n  t h e  case  of a wing 
advancing straight forward. T h i s  phenomenon was theo r i zed  by 
Loewy w i t h  r e f e rence  t o  r o t o r s  i n  v e r t i c a l  f l i g h t .  I n  t h i s  theory ,  
t h e  amplitude and phase of the a i r  f o r c e s  are sought as func t ions  
of t h e  non-dimensional frequency k, t h e  r a t i o  m between the  blade 
frequency and r o t o r  r e v o l u t i o n  speed, and t h e  i n t e r v a l  h between 
t h e  vor tex  layers. As a r e s u l t ,  when m i s  c l o s e  t o  1 and k i s  
small, t h e  rea l  p a r t  of  the  l i s t  de f i c i ency  func t ion  -- that  is ,  
the  p o r t i o n  of t h e  a i r  f o r c e s  having the  same phase as t h e  f l u c -  
t u a t i o n s  of  the angle  of inc idence  -- w i l l  be extremely small, 
and there w i l l  be a decrease i n  the a i r  f o r c e s  i n h i b i t i n g  the 
blade v ib ra t ions .  
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T h i s  theory was a l s o  compared wi th  the  experiments performed 
by Daughaday e t  a l .  [15] and by Brooks and S i l v i e r a  [16]. As a 
r e s u l t ,  it was learned  t h a t  t he  phenomenon pointed out by Loewy 
does r e a l l y  occur,  and t h a t  even q u a n t i t a t i v e l y  rather good 
r e s u l t s  can be obtained.  

Timman and Van D e  Vooren [17] have a l s o  devised a v i b r a t i n g  
wind theory  i n  which t h e  vor tex  l e f t  by t h e  preceding blade i s  
taken i n t o  cons idera t ion .  They have used t h i s  theory  i n  analyzing 
blade f l u t t e r  i n  h e l i c o p t e r s .  

I n  t h i s  chapter l e t  u s  apply Loewy's theory  t o  an a n a l y s i s  of  
p i t c h  damping. I n  problems of a n a l y s i s  of  t h e  p i t c h  damping of 
r i g i d  r o t o r s ,  blade Q i b r a t i o n s  of  t h e  same frequency as the  revo- 
l u t i o n  speed are subjec ted  t o  amplitude modulation by v i b r a t i o n s  
of p i t c h i n g  on the r o t o r  su r face  w i t h  a lower frequency. There- 
f o r e ,  t h e  r a t i o  between t h e  blade frequency and t h e  r o t o r  revolu-  
t i o n  speed comes c l o s e  t o  1. Natura l ly ,  there is  a small i n t e r v a l  
between the  vor tex  layers.  For t h i s  reason ,  it i s  expected t h a t  
q u i t e  small va lues  would be obtained i f  t h e  p i t c h  damping were 
c a l c u l a t e d  applying Loewy's theory .  

2.1. In t roduc t ion  t o  Loewy's Theory 

Before applying it, l e t  u s  in t roduce  Loewy's theory .  T h i s  
theory  attempts t o  de r ive ,  concerning r o t o r s ,  t h e  same s o r t  of  two- 
dimensional v i b r a t i n g  wing theory  as i n  Theodorsents theory  [18]. 
I n  a wing advancing s t r a i g h t  forward, it i s  held t h a t  t h e  v o r t i c e s  
generated from a v i b r a t i n g  wing are l e f t  i n  t he  wing's wake, where 
t h e y  l i n e  up more o r  less  i n  a s t r aggh t  l i n e .  On the  o t h e r  hand, 
i n  a r o t o r ,  t he  v o r t i c e s  generated from the  v i b r a t i n g  wing are 
p i l e d  up i n  overlapping f a sh ion  i n  t he  v i c i n i t y  of t he  wing, pro- 
ducing a s t r o n g  induct ion  v e l o c i t y  on t h e  wing sunface.  The 
c h a r a c t e r i s t i c  feature of Loewy's theory i s  i n  the  manner w i t h  
whiech these wake v o r t i c e s  are treated. 

The blades are treated as v i b r a t i n g  f o i l ,  and a shed vo r t ex  
i s  produced from the  rear edge every t i m e  there is  a f l u c t u a t i o n  
i n  t h e  bound vor t ex ,  When the  blade wing chord, t h e  r evo lu t ion  
speed, and t h e  e f f e c t i v e  angle  of inc idence  undergo v i b r a t i o n a l  
changes, it i s  assumed that the  amplitude changes i n  an extremely 
l e i su re ly  manner i n  the radial  d i r e c t i o n .  For t h i s  reason,  t h e  
even t s  occur r ing  a t  d e f i n i t e  p o s i t i o n s  on the  blades on both sides 
of t h e  radial  d i r e c t i o n  are regarded as be ing  i d e n t i c a l  from t h e  
aerodynamic p o i n t  of view. 

a blade which encompasses a d e f i n i t e  number of vo r t ex  s t reets .  
The c y l i n d r i c a l  surface expands a t  a d e f i n i t e  azimuth angle  i n  a 

L e t  u s  cons ider  a c y l i n d r i c a l  su r f ace  at a v e r t i c a l  angle  t o  
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rad ia l  p o s i t i o n  on both sides of a s p e c i f i c  blade, T h i s  i s  shown 
i n  o u t l i n e  i n  the  diagram i n  Fig.  54. When there i s  l i t t l e  inf low,  
t h e r e w i l l b e  a small angle  between the vor tex  s t reets  and t h e  blade 
r o t a t i n g  su r face .  The i n t e r v a l s  between the vor tex  s t r e e t s  w i l l  
be determined by t h e  downwash a t  each p l a c e  and by the  a scen t  speed 
of the  r o t o r .  Ordinar i ly ,  t h e  i n t e r v a l s  are not  equal,  but i n  
Loew$'stiheoryit  i s  assumed that they have equal  i n t e r v a l s .  Among /35 
t he  v o r t i c e s  i n  the  circumference of t h e  blades, only those which 
are near  t he  blades are be l ieved  to make a major c o n t r i b u t i o n  t o  
t he  unsteady induct ion  v e l o c i t y  on the  blades. Thus, t h e  azimuth 
angle  on both sides of t h e  blade may be small, and the  number of 
vor tex  streets may a l s o  be small. On t h i s  account it i s  be l ieved  
tha t  t he  dis tant?  v o r t i c e s  have a small c o n t r i b u t i o n  and t h a t  i t  
i s  n o t  abso lu t e ly  e s s e n t i a l  t o  t rea t  t h e  p o s i t i o n  and magnitude 
of t he  d i s t a n t  v o r t i c e s  wi th  great p r e c i s i o n .  Thus, t h e  c y l i n d r i -  
c a l  su r face  mentioned above can  be replaced by a p lane  expanding 
t o  i n f i n i t y  on both sides and below. 

Since each vor tex  s t reet  was 
generated before  r o t a t i o n  from 
the  q-th blade, i t  is  def ined  as 
Ynq. A t  t he  same t i m e ,  Ynq a l s o  
expresses  t h e  c i r c u l a t i o n  per  
u n i t  l eng th ,  The lowest among 
t h e  vor tex  s t ree ts  depic ted  i n  
Fig.  55 i s  y1 ,1  when the  r o t o r  
con .s i s t s  of two baades, o r  y1,o 
when the  r o t o r  c o n s i s t s  of three 
blades. I n  genera l  terms, a 
model such as t h a t  shown i n  
Fig.  56 i s  obta ined ,  

On account of t h e  v i s c o s i t y ,  
a vor tex  w i l l  be damped with t he  
passage of time,' However, w e  w i l l  
ignore  t h e  damping of t h e  vor tex  
because the t i m e  r equ i r ed  t o  
damp a vor t ex  t o  a pronounced 
degree i s  g r e a t e r  t h a n  the  per iod 
of r o t a t i o n  of t h e  r o t o r .  

I f  i t  i s  assumed t h a t  t h e  Fig.  54. Shed vor t ex  sheet i n  
rotor wake in state Of hovering wing has a small th i ckness ,  a 

smail maximum camber, and a small 
angle  of incidence,  and a l s o  that 

the wing displacement i n  the  r o t o r  a x i s  d i r e c t i o n  i s  also small, 
t hen  i n  accordance with f o i l  theory  it i s  p o s s i b l e  t o  d e s c r i b e  t he  
boundary cond i t ions  on t h e  p lane  where 2% = 0, and the problem can 
be l i n e a r i z e d .  

(2.1) 
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Here, V a  i s  t h e  unsteady component of t h e  induct ion  v e l o c i t y ,  and 
V a s  i s  t h e  steady component. 

The s tandard blade i s  rep laced  by a d i s tu rbed  vor tex  i n  which 
t h e  s t r e n g t h  pe r  u n i t  l eng th  i s  Ya. The unsteady induct ion  velo- 
c i t y  induced on t h e  s tandard blade i s  determined by t h e  d i s t r i b u t e d  
vortex r ep resen t ing  the wing su r face  and t h e  shed vor tex .  L e t  us  
d i s c u s s  t h e  r e l a t i o n s h i p s  between the induct ion  v e l o c i t y ,  t h e  shed 
vor tex ,  and t h e  bound vor tex  wi th  p a r t i a l  r e f e rence  t o  cases when 
the blade performs s inuso ida l  motion. 

The unsteady induct ion  v e l o c i t y  i s  induced by the d i s t r i b u t e d  
vor tex  r ep resen t ing  the  wing su r face  and by  ithe shed vor tex ,  How- 
ever ,  i f  w e  cons ider  a model such as that  i n  Fig.  56, an expression 
such as Eq. (2.2) can be w r i t t e n  i n  accordance w i t h  t he  Biot- 
Savar t  l a w .  

Next l e t  us d i s c u s s  t he  r e l a t i o n s h i p s  betweeny&,y80, yno, 
and Ynq which appear i n  the  above equat ion.  The uns t ea  y bound 
vor tex  of t h e  q-th blade i s  def ined  as I f  it i s  assumed that  
the v i b r a t i o n  amplitudes of the  bound v o r t i c e s  are t h e  same f o r  
a l l  the blades and t h a t  only t h e i r  phases are d i f f e r e n t ,  t he  fol- 
lowing can be wr i t t en .  The unsteady component of t he  bound vor- 
t i c e s  f o r  t h e  s tandard blade i n  p a r t i c u l a r  is  w r i t t e n  F a ' +  
and Ta are complex q u a n t i t i e s ,  

Va 
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Key: 1. F o i l  

A shed vor tex  i s  generated from 
the  rear edge of the blades every 
t i m e  t h e r e  are f l u c t u a t i o n s  of 
t h e  bound v o r t i c e s  of the  blades, 
and there  i s  the  fol lowing rela- 
t i o n s h i p  i n  t h e  v i c i n i t y  of t h e  
rear edge of the s tandard  blade. 

/36 

'-<* fOO(V,t)d€'=--dt=-io[g,'eirtdt drat 
dt (2  , 4 ) 

The fo l lowing  a p p l i e s  gener- 
a l l y  i n  t h e  v i c i n i t y  of the rear 
edge of t h e  q-th blade:  

Shed vor tex  Yn ( E g , t )  i n  which t h e  x g  coord ina te  i s  5 '  a t  the  
p resen t  time i8  a vor t ex  which was generated from the  q-th blade 
a c e r t a i n  time A t  previously.  

Refer r ing  t o  F ig .  60, we f i n d  that  At i s  as fol lows.  

s 

Since dCt/dt = Qy', gene ra l ly  ynq(E t , t )  w i l l  be: 

( 2  .'8) 

L e t  us  rewrite Eq. (2.21, s u b s t i t u t i n g  y n q ( t V , t ) .  If w e  con- 
sider Eq. (2 .3 )  a t  t h e  same time, it i s  no t  necessary t o  cons ider  
t h e  term eiwt. 
k = wbv/Qyq and non-dimensionalise t h e  l e n g t h  by t he  half chord 
length, it w i l l  be  p o s s i b l e  t o  write Eq. (2.2) i n  the following 
manner However 1c is-.,r I r",)eik/b * 

If we in t r aduce  a dimensionless  frequency 



Performing complex i n t e g r a t i o n ,  we ob ta in :  

(2.10) 

(2.11) 

Here, 

w= Q-I - e f { J q - e s  -$--r++fA(tkQ+Q)} + 5 ,t(-m~$-n-thhO) 

4-1 *-0 n-1 (2.12) 

SGngen C311 demonstrates t h a t ,  if f ( l 2  i s  Pinitre, t h e  s o l u t i o n  
of t h e  i n t e g r a l  equat ion (2.13) can be w r i  t en  as i n  (2.14)* 

I n  our problem, according t o  Kut ta ' s  condi t ions ,  Ta(1) = 0. 
Therefore ,  Eq. ( 2 . 1 1 )  w i l l  be wr i t ten  as follows: 

Since t h e r e  i s  t h e  fo l lowing  r e l a t i o n s h i p  between and ya, /37 
w e  w i l l  ob t a in  F i f  we eliminate ?a. 

.. I 

(2 .16 )  
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W r e p r e s e n t s  the con t r ibu t ion  of t h e  r e t u r n i n g  vortex.  If 
W = 0, it i s  q u i t e  n a t u r a l  t h a t  Eq. (2.17) w i l l  agree w i t h  Theo- 
do r sen ' s  t h e o r e t i c a l  equat ion.  Needless t o  s a y ,  i f  we approach 
c l o s e r ' t o  k -+ 0, t he  denominator w i l l  be  -1, and the equat ion  
w i l l  agree w i t h  t he  equat ion of the two-dimensional steady wing 
theory  . 

Next, l e t  u s  seek the  a i r  f o r c e s  opera t ihg  on . the  wing. The 
l i n e a r i z e d  Bernou l l i ' s  equat ion wi th  respect t o  an unsteady cur- 
r e n t  w i l l  be: 

(2.18) 

The r e l a t i o n s h i p  between the  v e l o c i t y  difference between t h e  
upper and lower s u r f a c e s  of t he  wing and t h e  d i s t r i b u t e d  vortex 

, w i l l  be: 

If  we i n t e g r a t e  from 
under cons idera t  ion,  

i _. 

the  f r o n t  edge 
we obta in :  

(2 .19 )  

of t h e  wing up t o  t h e  poin t  

(2 .20)  

If we compile B e r n o u l l i t s  equat ions along two r o u t e s  passing 
through the  upper and lower su r faces  of t he  wing, take t h e  d i f -  
fe rence ,  and e l imina te  4q~ and $L by us ing  E q s .  (2.19) and (2 .20) ,  
we obta in :  

(2 .21 )  

When there i s  s i n u s o i d a l  movement, Ap can be w r i t t e n  as Ap = Apeiwt. 
Therefore  

(2.22) 
r 

When the c a l c u l a t i s n s  are c a r r i e d  out ,  w e  ob ta in  t h e  fol lowing 
r e s u l t s .  
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Here, 

(2.24) 

C'(k,m,h) corresponds t o  Theodorsen's func t ion  C(k)  i n  the  case  
of a v i b r a t i n g  wing which advances straight forward. A t  the  
u l t i m a t e  l i m i t  where h has been enlarged i n f i n i t e l y ,  W w i l l  
approach 0 ,  Therefore ,  C'(k,m,h) w i l l  approach C(k). 

2 .2 .  Analysis of P i t ch  Dampin6 

L e t  us apply Loewy's theory  t o  an  a n a l y s i s  of t h e  p i t c h  damp- 
i n g ,  We sought t h e  a i r  force moment generated around t h e  p i t c h i n g  
a x i s  w h e n t h e r o t o r  su r face  i s  performing s i n u s o i d a l  p i t c h i n g  as 
expressed by 0 = s i n  p t ,  i n  t he  same way as i n  Chapter 1, Sec t ion  
3,  and c a l c u l a t e d  t h e  p i t c h  damping from the  time changes i n  the  
moment. It i s  assumed tha t  t h e  blades have an extremely great 
r i g i d i t y  and that e l a s t i c  deformatiori does n o t  occur. When the  
blade does not  undergo deformation, it i s  c l e a r  from Eq. (1 .5)  
that  t he  components of  t h e  blade v e l o c i t y  which are i n s i d e  t h e  
r o t a t i n g  su r face  are y t Q ,  and the  components which are v e r t i c a l  
t o  t h e  r o t a t i n g  su r face  are -yf6cos$. Amqng the  a i r  fo rces  operat-  
i n g  on t h e  blades, the  steady components are unre l a t ed  t o  t h e  
moment around t h e  Y a x i s ,  as has a l r eady  been stated i n  Eq,.t(1.28). 
Thus, we w i l l  write only t h e  unsteady p o r t i o n s  amqng the  boundary 
cond i t ions  i n  Eq. (2.1) 

(2.26) 

I n  Loewy's theory ,  t he  wings perform s h u s o i d a l  motion w i t h  
a frequency of w, bu t  i n  problems of p i t c h  damping the  wings 
perform a motion syn thes i z ing  two s i n u s o i d a l  motions which have 
d i f f e r e n t  f requencies .  However, s i n c e  both t h e  equat ion d e f i n i n g  
the mutual r e l a t i o n s h i p s  between the  v o r t i c e s  and t h e  equat ion 
f o r  seeking the  induct ion  v e l o c i t y  are linear, sepa ra t e  sets of 
relative equat ions  are obtained for  the  ( a  + p)  and the  (0  - p )  . 
frequency components. 
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The equat ion f o r  t he  r e l a t i o n s h i p  between the  induct ion  velo- 
c i t y  and the  v o r t i c e s  i s  as fol lows,  w i t h  r e fe rence  t o  Eq9.J. (2 .11 )  
and (2 .12) :  

The i n t e r v a l s  between the v o r t i c e s  h g  are determined i n  the  
fo l lowing  manner [13]. 

n6' 
2 h'= - (- 1 + J1 +-@' -- 

The fo l lowing  cons ide ra t ions  are e n t e r t a i n e d  concerning t h e  
phase d i f f e r e n c e  JI between t h e  s tandard blade and t h e  q-th blade. 
Loewy's theory  i s  2 f o i l  theory  and always d e s c r i b e s  t h e  boundary 
condi t ions  on t h e  p lane  where Z i  = 0; It a l s o  assumes tha t  t he  
i n t e r v a l s  between the  blade and t h e  vor tex  and those between 
v o r t i c e s  are always a cons t an t  value h'. Consequently, when t h i s  
theory is  appl ied t o  p i t c h  damping a n a l y s i s ,  i t  i s  a precondi t ion  
that  the  r e l a t i v e  p o s i t i o n s  between t h e  blade and t h e  vor tex  
remain unchanged, Under these precondi t ions ,  $he phase d i f f e r e n c e s  
of  the  bound v o r t i c e s  w i l l  be equal  t o  t h e  phase d i f f e r e n c e s  
between the v e l o c i t y  components which are ver t ical  'to the  blade 
r o t a t i n g  surface, Thus, i t  fs assumed t h a t :  m 

With reference t o  Bq. (2.17), t h e  r* determining t h e  bound 
v o r t i c e s  can each .be  w r i t t e n  i n  t h e  fo l lowing  manner. 
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With re ference  t o  Eq, (2,23), AE+ and AF- can each be w r i t t e n  
i n  t he  fol lowing manner. 

I f  we c a r r y  out  i n t e g r a t i o n  f o r  E;, we obtain:  

The amplitude of  t h e  unsteady components of the  l i f t  which opera te  
on t h e  po r t ions  w i t h  a width of dyt a t  a p lace  y '  away from t h e  

, r o t o r  hub is: 

Since t h e  phase i s  2~rq/Q ahead of t h e  s tandard blade,  t h e  unsteady 
component of the l i f t  opera t ing  on t h e  q-th blade is:  

b 

The moment produced around t h e  Y a x i s  by t h e  unsteady compo- 
nents  of the l i f t  ope ra t ing  oh t h e  blades is: 

I n  a roto?? which i s  performing p i t ch ing  and i n  which the  
i n c l i n a t i o n  of the r o t o r  su r face  i s  expressed by 9 * r s i n  p t ,  if 
the t i m e  changes i n  the  moment around t h e  p i t c h i n g  axis is  known, 
it i s  p o s s i b l e  t o  c a l c u l a t e  the  p i t c h  damping by t h e  method i n  
Appendix A. 

ant i w 
,.+--I 

(2.36) 1 7 Mr mptdt - 
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Concretely speaking, when we  write Eq. (2 .3 l ) ,  

When numerical  i n t e g r a t i o n  19 performed by Chebyshev's i n t e g r a t i o n  
formula [3], 

Here, 

. .. 

- -  

(2 .37)  

2j- 1 
W i 1 )  

\ e,= * 
-- 

I n  Fig.  57 i s  shown - 139 
t h e  l i f t  d i s t r i b u t i o n  of  the  
,blade i n  t he  radial  d i r e c t i o n ,  
when the  r o t o r  r e v o l u t i o n  speed 
i s  300 rpm and t h e  p i t c h i n g  
frequency i s  0,756 c/s. I n  
Fig.  58 are shown the  r e s u l t s  
of c a l c u l a t i o n s  of  t he  p i t c h  
damping f o r  var ious  angles  of  
incidence when the p i t c h i n g  
frequency wad 0.756 C/S. I n  
p a r t i c u l a r ,  a t  the extreme 
l i m i t  where W approaches 0,  

. there i s  good agreement w i t h  . 
Theodorsen's theory,  and t h e  

Fig.  57. L i f t  d i s t r i b u t i o n  data are shown i n  the  f i g u r e  
c a l c u l a t e d  us ing  Loewy's f o r  t he  sake of comparison. 
theory.  
p = 0.756 c%, $2 = 300 rpm, I n  F igs ,  32 t o  4 3  are 
8, = 4O given comparisons of  t h e  va lues  

estimated fromthe experimental  
va lues  when it  was assumed t h a t  
e l a s t i c  deformation of the 

_ -  _ I  - 

blades  does no t  occw? and t h e  p i t c h  damping values c a l c u l a t e d  by 
means of LOewy's theory, 
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i t  was confirmed t h a t  i t  i s  

The c a l c u l a t e d  va lues  are much 
larger than  the measured values  , but 
t h e y  are smaller than  the  va lues  from 
Townsent's theory  [7] o r  from Theo- 
dorsen ' s  theory  [18]. 

A s  t he  r o t o r  r evo lu t ion  speed 
inc reases  , t he  c a l c u l a t e d  va lues  
approach c l o s e r  and c l o s e r  t o  t h e  
experimental  va lues .  T h i s  i s  because 
t h e  r a t i o  m between the'frequency 
of the  blades and t h e  r o t o r  revolu-  
t i o n  speed approaches 1, 

The non-dimensionalized measured 
va lues  w i l l  no t  change even when the  
r o t o r  r e v o l u t i o n  speed is  va r i ed ,  but 
t h e  caacula ted  va lues  w i l l  decrease  
as the  r o t o r  revolu$A.on-: speed i s  
increased.  

Within t h e  range of t h e  ca l cu la -  
t i o n s  performed, there  are not  very 
many diffferences i n  t he  c a l c u l a t e d  
values  even if t h e  p i t c h  angles  of 
t h e  blades are changed. 

It i s  c l e a r  from the  r e s u l t s  
given above that the  p i t c h  damping 
cannot be explained adequately i n  
terms of Loewy's t heo ry ,  However, 

poss ib l e  t h a t  t h e  vo r t ex  i n  the  wake 
may poss ib ly  reduce the  p i t c h  damping t o  a cons iderable  degree. 
A pronounced reduct ion  i n  t he  a i r  f o r c e s  cannot be c a l c u l a t e d ,  
unlike the  case when ana lyz ing  the blade f l u t t e r  C15, 163, because 
m does n o t  approach c l o s e  enough t o  1. 

CHAPTER 3 .  A N A L Y S I S  OF PITCH DAMPING APPLYING THE THEORY OF 
ASHLEY ET AL. 

I n  F ig .  61  i s  p l o t t e d  t h e  l i f t ' d i s t r i b u t i o n  o f  t h e  blades 
i n  t h e  radial  d i r e c t i o n  as c a l c u l a t e d  accord ing  t o  Loewy's theory.  
Since Loewy's theory i s  a two-dimensional theory,  t he  a i r  f o r c e s  
w i l l  no t  become 0 a t  t h e  blade t i p a .  However, i n  problems of p i t c h  
damping, the moment produced by the  a i r  f o r c e s  i s  q u i t e  important ,  
and it i s  necessary  t o  be able t o  seek a c c u r a t e l y  t h e  a i r  f o r c e s  
i n  the v i c i n i t y  of the  wing t i p ,  For t h i s  reaaon,  there arises 
the n e c e s s i t y  of us ing  v i b r a t i n g  wing theo ry  wi th  a f i n i t e  wing 
span i n  the c a l c u l a t i o n s .  
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Ashley e t  a l .  have compiled a theory fo r  c a l c u l a t i n g  the  a i r  
fo rces  ope ra t ing  i n  cases when t h e  r o t o r  blades of h e l i c o p t e r s  
are v ib ra t ing .  T h i s  theory i s  an expansion of  Reissner ' s  theory  
about v i b r a t i n g  wings w i t h  a f i n i t e  wing span [20]. 

Ashley e t  a l .  have a l s o  compiled a theory  f o r  c a l c u l a t i n g  the  
a i r  f o r c e s  i n  cases  when the blades are n o t  Vibra t ing ,  t a k i n g  i n t o  
cons ide ra t ion  t h e  f a c t  t h a t  the wing span i s  f i n i t e ,  

e t  a l .  Next l e t  u s  c a l c u l a t e  t he  p i t c h  damping by means of wing 
theory  t a k i n g  i n t o  cons ide ra t ion  the  unsteady and quasi-steady 
f i n i t e  wing span. It w i l l  be c l a r i f i e d  as a r e s u l t  t h e  degree 
o'fi in f luence  exerted on t h e  p i t c h  damping by (1) t h e  e f f e c t  of 
t he  f i n i t e  wing span, t h e  ( 2 )  t h e  d i f f e r e n c e s  between t h e  unsteady 
t reatment  and t h e  quasi-steady t rea tment .  

I n  t h i s  chapter l e t  us  f irst  in t roduce  t h e  paper of Ashley 

3.1. In t roduc t ion  of  the  Theory of Ashley e t  a l .  [19] 

T h i s  theory  aims at  expanding t h e  "theory of  v ibrabing  wings 
w i t h  f i n i t e  wing span" der ived  by Reissner  [20]  so  t h a t  it can 
be app l i ed  t o  cases  when t h e  values  of t h e l ~ ~ m a i n  stream f l u c t u a t e  
i n  t h e  wing span d i r e c t i o n ,  and at applying t h i s  t o  h e l i c o p t e r  
r o t o r s .  

L e t  us  focus a t t e n t i o n  on one of t h e  r o t o r  blades. There i s  
always a vo r t ex  emerging from the  rear edge of t h i s  blade i n  the  
wake. The vor tex  expands behind t h e  blade,  forming a plane.  The 
v o r t e x  plane induces downwash on t h e  blade. If  we assume that  t he  
vo r t ex  c l o s e  t o  t h e  blade makes t h e  c h i e f  c o n t r i b u t i o n  t o  t h e  
unsteady components of t h e  downwash on t h e  blade,  i t  w i l l  be suf- 
f i c i e n t  t o  focus a t t e n t i o n  only on the vor tex  within a ve ry  l imi t ed  
azimuth angle  behind t h e  blade. It is supposed tQat the  vor tex  
layer i s  i n s i d e  the  r o t o r  r o t a t i n g  p lane ,  Furthermore, s i n c e  
t h e  blades are r o t a t i n g ,  the vortex plane assumes an a r c  shape. 
However, w i th in  t h e  range of  the  small azimuth angles ,  it may be 
regarded as having a l i n e a r  shape v e r t i c a l  t o  t h e  blade. I f  w e  
assume tha t  i t  i s  not  n e c e s s a r i l y  e s s e n t i a l  t o  t r e a t  t h e  p o s i t i o n  
and magnitude of the  d i s t a n c e  v o r t i c e s  w i t h  great p r e c i s i o n ,  the  
vo r t ex  p lane  w i l l  begin from the  rear edge of the  blade, as shown 
i n  Fig.  59, and w i l l  assume a band shape expanding towards the  
rear i n t o  a , s e m i - i n f i n i t e  d i s t a n c e .  I n  c a s e s  when there i s  a small 
inflow on t h e  r o t o r  sur face ,  t h e  vo r t ex  p lane  l e f t  by the  preceding 
blade w i l l  be  p re sen t ,  as was already mentioned Before i n  the  
s e c t i o n  devotedtoLoewy's  theory i n  Chapter 2 ,  However, Ashley ,! 

e t  a l .  proceed wi th  t he i r  d i scuss ion  without t a k i n g  t h i s  r e t u r n i n g  
vo r t ex  i n t o  cons ide ra t ion .  

When one i s  d e a l i n g  with v i b r a t i n g  wings w i t h  a small wing 
th i ckness ,  a small maximum oarnber,, a small ang le  of  inc idence ,  
' 1, ( 1, 



and a small maximum wing .displacement i n  t h e  Z i  d i r e c t i o n ,  t he  
problem can be l i n e a r i z e d  i f  the boundary condi t ions  are descr ibed  
by t h e  so-cal led foil theory i n  terms of  t he  p ro jec t ion  of t h e  
wing onto the Z i  = 0 plane. 
follows. 

The boundary condi t ions  are as 

Here, V a  r e p r e s e n t s  t he  unsteady components o f  the induct ion  
ve loc i ty ,  and V a s  represents t h e  steady components. I n  p i t c h  
damping problems there i s  no need t o  cons ider  t h e  steady compo- 
nent s * 

V a  
of 

I n  cases  when t h e  blades a r e  undergoing s i n u s o i d a l  v i b r a t i o n s ,  
can be pos i t ed  as Va(x',Y',t) = ' i ;a(X',y')ei("t. The i n t e n s i t y  
t h e  unsteady components of t h e  v o r t i c e s  i n  the wing chord and 

' t h e  wing span d i r e c t i o n s  i s  represented as y and 6, as is  shown i n  
Fig.  59. Subscr ip t  a i s  added t o  the va lues  on the  wing sur face ,  
and s u b s c r i p t  w i s  added t o  t h e  values  i n  the wake. 

The bound v o r t i c e s  w i l l  be T'a'(n',t) 
i n g  r e l a t i o n s h i p  w i l l .  apply between S,( 5 * 3 ~ t  ) and rag (11 ' ) & 

Tia'(n')eiwtA and t h e  follow- 

In  p o t e n t i a l  flow, t h e  v e l o c i t y  induced by t h e  vor tex  can be 
sought by means of t h e  Biot-Savart law. 

The fol lowing.  relationsh3.p a p p l i e s  between the shed vor tex  
in t h e  wake and the  bound vortex.  

( 3 . 4 )  
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- I f  we assume a s i n u s o i d a l  
motion, 

I 
i 

S ince ay/ar)' = a 6 / a E t ,  and 
a l s o  s i n c e  y i s  no t  present  i n  

1 f r o n t  of t he  f r o n t  edge of the  
wing, 

I 

8 

i 

*c 

x' 2' 
Fig .  59. Model and symbol2 ' 
f o r  wing loca ted  i n  a cu r ren t  

v e l o c i t y  f l u c t u a t e s  i n  the  
wing span d i r e c t i o n  

\ ( 3 . 8 )  - PW (e', 0 = - -- iwbd e-'+& 
V(7.f) _ _  i n  which the  main stream -- 

(3.9) 

If w e  s u b s t i t u t e  Eqs. (3.8) and 3 . 9 )  i n  Eq. ( 3 . 3 1 ,  

The terms on the  r igh t  side of Eq. (3.10) are expressed as 11, 
12, and 13. 
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If we write Eq, (3.10) us ing  11, 12, and 13, we ob ta in :  

I %expresses  t he  c o n t r i b u t i o n  of  t h e  vor tex  wi th  the  replaced 

I3 t h e  shed vor t ex  i n  the wake. 

A few modif ica t ions  must be made i n  t h e  phys ica l  model i n  
o rde r  t o  make Eq. (3.10) more s u i t a b l e  f o r  mathematical opera- 
t i o n s ,  Two of them are exac t ly  t he  same as those  c a r r i e d  out i n  
Reiissner's theory,  and the  o t h e r  one i s  p e c u l i a r  f o r  ca ses  when 
t h e  v e l o c i t y  of  t he  main stream changes i n  t he  wing span d i r e c t i o n .  

w 9 ng su r face .  12 expresses  the  t r a i l i n g  vor tex  i n  t h e  wake, and 

(a )  A s  far  as the  e f f e c t s  of t h e  vo r t eces  wfth the  rep laced  
wing s u r f a c e  ra(s', rt') and ' s , (c ' ,  q t )  upon t h e  induct ion  velo- 
c i t y  Ta(t;', TI) are concerned, t h e  voxtkces w i t h  the replaced wing 
su r face  are handled as i f  t h e  wing were a two-dimensional wing 
having everywhere the same load d i s t r i b u t i o n  as the  aerodynamic 
load d i s t r i b u t i o n  i n  the  wing chord d i r e c t i o n  at the y '  p o s i t i o n ,  

I n  h e l i c o p t e r  blades,, the  wing span is great enough i n  comparison 
w i t h  the  wing chord, and even t s  on the  wing s u r f a c e s  do not  d i f f e r  
very r a p i d l y  on both sides of  t h e  poin t  where the induct ion  v e l o c i t y  
i s  t o  be calculated, ,  w i th  the  except ion of t h e  v i c i n i t y  of t h e  wing 
t i p s .  Therefore, i t  i s  bel ieved that  a s i m p l i f i c a t i o n  l i k e  t h a t  
i n  Eq. (3 .12)  i s  not  a l t o g e t h e r  impossible.  

(b) The p a t t e r n  of the t r a i l i n g  vo r t ex  i n  the wake i s  expan- 
ded from t h e  rear edge f u r t h e r  i n t o  the  wing surface,:ms far as 
the  l i n e  i n  the wing span d i r e c t i o n  pass ing  through t h e  p o i n t s  
( x ' ,  y ' )  where the i nduc t ion  velocity i s  t o  be sought. That is, 
0 . -  I:.. 
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i n  12, t he  i n t e g r a t i o n  zone w i t h  r e spec t  t o  6' i s  changed from 
x t '  -+ - t o  x' * -, 

(3.13) 

( c )  The p o r t i o n  corresponding t o  t h e  d i f f e r e n c e  between t h e  
p a t t e r n  of  t h e  shed vor tex  i n  t he  wake and t h e  posdition i n  t h e  
wing span d i r e c t i o n  where the induct ion  v e l o c i t y  i s  t o  be sought,  
that  i s ,  t h e  shed vo r t ex  a t  y ' ,  i s  expanded as far  as the  l i n e  i n  
the wing span d i r e c t i o n  pass ing  through p o i n t s  (x', y t ) .  Further-  
more, i n  t h i s  po r t ion ,  the  wave l eng th  f a c t o r  i s  replaced 
by t h e  wave l eng th  f a c t o r  a t  t h e  y '  p o s i t i o n ,  

t h e  p a t t e r n  of t h e  s ed vor tex  a t  y ' .  
i n t e g r a t i o n  zone changes from x t '  * 00 t o  x '  + 0 0 ,  and e-f-$& 

changes t o  e - ' m  The change i n  the  wave l e n g t h  f a c t o r  i s  
p e c u l i a r  t o  "te'"theory of Ashley e t  al., i n  which t h e  main stream 
value changes i n  t he  wing span d i r ec t ion . .  

Lc-8-&j . 
With r e s p e c t  t o  AI3, t he  

I n  cases  when I = I3C2) + A13, it is  assumed tha t  13(2) i s  

- -  -" 
2 

. q 

- 

AI3 is  sought by f3 - I C2), but l e t  us  rewrite s i i g h t l y  13(2) and 
13. Since T'(R1') and $ R z t )  are 0 

Eq. (3.14) can be r e w r i t t e n  as fo l lows .  

I n  13, i f  w e  perform p a r t i a l  i n t e g r a t i o n  for  n', and u t i l i z e  the 
fact  that both T(R1') and f(R2') are 0 ,  we obta in :  
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Sub t rac t ing  Eq. (3*16)  from Eq. ( 3 . 1 7 )  we seek A I  . A t  t h i s  
time, t h e  range of i n t e g r a t i o n  i s  set a t  x t  + m, and t 2 e wave 
l eng th  f a c t o r  of Eq. (3.16) i s  changed from t o  e-$&$,,' 

c .*- 

Eq. (3.11) i s  r e w r i t t e n  a8 f o l l o w s ,  

It i s  clear  from E q s .  (3.13), (3.14), and (3.18) that t h e  second 
term on the  r i g h t  side does n o t  conta in  5 ' .  

A13. 
L e t  us carry out  the  i n t e g r a t i o n s  contained i n  12,  1 3 ( 2 ) ,  &iZt 
Variables q, r ,  A i ,  and A2 are introduced,  

We rewrite 12  us ing  q, T, X2, and A3. 

W.e rewrite AI3 us ing  q, r , ,  X2, and A 3 .  



The func t ions  appearing i n  I2 and AI3 are defined as follows': 

The nondimensionalized variables are introduced as fol lows.  

XC'+Xl' 
X m f y  . 

Four types  of reduced frequency are introduced.  

(3.24) 

I2 c a n b e w r i t t e n  i n  the fol lowing manner.' 



If w e  s u b s t i t u t e  Eqs. (3.28), (3.261, (3.29), and (3.27) 
i n t o  Eq. (3.191, we obta in :  

+ tko (1) xn i- R ( a r )  21 vo V(V) NE ( ~ q )  tr - q ~ ) -  efca*(v)rm+t(v)+~ N c(ko(v)IY-+7 

( 3 . 3 0 )  

Since ra(lry) = . O  according t o  Ku t t a ' s  cond i t ions ,  it i s  p o s s i b l e  
t o  app ly  S8ngen's i nve r s ion  formula. Before t h i s ,  l e t  us i n t r o -  
duce the  fol lowing opera tors .  

If w e  write Eq, (3.30) using opera to r s  D1, D2, D 3 i  D4,  and D5, 
w e  obta in :  



However, when we use Eq.. (3..2), we ob ta in :  

(3.34) 

. L e t  u s  rewrite the  second term on the  r i g h t  s ide  of Eq. (3.33) 
for t he  purpose of in tegra t ing  ra(x,y) from x -- -1 t o  1, 

Thereupon, 

. Therefore,  

. "_._ . . . 

. -  " .  . 

If ne use t h i s ,  w e  can write Eq. (3.34) i n  t he  fol lowing manner: 
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Eq. (3.35) i s  s u b s t i t u t e d  i n t o  Eq, (3.34) i n  order  t o  elimi- 
n a t e  Tao 
order  t o  i n t e g r a t e  Y a ( X 9  y )  from x = -1 t o  x = 1, 

A t  t h i s  t i m e ,  t he  fol lowing i n t e g r a t i o n  i s  u t i l i z e d  i n  

-_ 
for -1gEgl 

Therefore,  

Since parts of t he  second term on t h e  l e f t  side and r i g h t  side of 
Eq. (3.36) are i d e n t i c a l ,  

(3.37) 

The i n t e g r a t i o n  appearing on the  r i g h t  side of Eq. (3.37) can 
be expressed us ing  Bessel func t ions .  

& 

Further,  w e  r e t u r n  the ope ra to r s  such as D1 and D2 t o - t h e i r  
o r i g i n a l  forms, 
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If we solve  Eq, (3.38) while cons ider ing  that f ( y )  becomes 0 
when y = R1 and y * R2, it w i l l  be p o s s i b l e  t o  seek the  d i s t r i b u t i o n  
of the  c i r c u l a t i o n  along the  rad ia l  d i r e c t i o n  of the blade. 
Here, 

(3.39) 

A s  i s  c lear  from t h e  process  descr ibed thus  far,  t h i s  i s  the  
equation expressing the c i r c u l a t i o n  which appears i n  two-dimensional 
Q i b r a t i n g  wing theory ,  

wing. The fol lowing r e l a t i o n s h i p  applies,  i n  accordance with 
exac t ly  t he  same th ink ing  as that when Eq. (2 .22 )  was der ived ,  
between the pressure d i f f e r e n c e  between the  upper and lower w3ng 
s u r f a c e s  and t h e  d i s t r i b u t e d  vor tex  with t he  replaced wing 
s u r f  aces. 

Next, l e t  us seek the  unsteady a i r  f o r c e s  ope ra t ing  on the  
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L e t  u s  carry out  t he  i n t e g r a t i o n  of the  second term on the  
right side. We w i l l  use Eq. (3.35) f o r  ra. 

* Whereupon, 
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It is  from Eq. (3.37) t h a t  those terms i n  Eq. (3 .42)  t o  
i s - a p p l i e d  w i l l  be  0. Therefore,  

However, 

Since it i s  bel ieved t h a t  the first term on the  r i g h t  side 
w i l l  be 0,  



3.2. Analysis by Unsteady Theory 

ment as expressed by 8 = s i n  p t ,  as was mentioned i n  Chapter 2 ,  
Sec t ion  2,  t h e  blades perform movement synthes iz ing  two t y p e s  of 
s i n u s o i d a l  v i b r a t i o n s  i n  which the frequencies  are S2 + p and 
52 - p. Since Eq. (3.11) f o r  seeking the  induct ion  v e l o c i t y  i s  
l i n e a r ,  w e  can obta in  one set  of equat ions f o r  each of these two 
frequency components. I n  blades i n  which the  mid-chord l i n e  is a 
straight l i n e  and t h e  wing chord is uniform, if we refer  t o  
Eq. (3.38), t he  i n t e g r a l  equat ion f o r  seeking the bound v o r t i c e s  
w i t h  respect t o  t h e  two frequency components can be w r i t t e n  i n  
t h e  fol lowing manner: 

I n  cases  then the  r o t o r  su r face  i s  performing s inuso ida l  move- 

Here, 

(3.47) 

Eq. (3.47) can be solved i f  f t ' i s  rew&&tten i n  the form of 
a sys t em of simultaneous equat ions,  and the bound v o r t i c e s  a long  
t h e  radial  d i r e o t i o n  of the blade can be sought. 
o f  s o l u t i o n  3.8 s l i g h t l y  d i f f e ren t  from the  method of' Ashley e t  a l . ,  
it is described below. 

Sinoe t h e  method 
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\ 

Method of Solving the  C i rcu la t ion  Equation 

N A ~  NB, and NC have s i n g u l a r i t y  a t  y J f7. This i s  descr ibed 
i n  Appendix B, bu t  l e t u s i r e p e a t  it here. 

Next, l e t  us in t roduce  ANAS A N g ,  and ANc. 

L. 
Changes of v a r i a b l e s  are perfornied as i n  the 

t i o n s :  
. "  . ..... . 

following equa- 
/49 

When the  variables are changed, NA, NB, and w i l l  be as 
fol lows : 

. ... . . *  

'.. (3.54) 



Since f; 2 (y) is 0 when y = R1 and y = R2, we apply Multhop's 
Please note that the abbreviation F ( 4 )  interpolation formula [3] .  

is used instead of' F ( R 9  v - ) x  Cos rft in the following. 

Here , 
ai 
.+1: cpi = 

If the interpolation formula is used, Eq. (3.47) will be. 
written as fol lows.  

(3.57) 
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To organize  it f u r t h e r ,  

Here 
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(3.593 
Here, 

Consequently, Eq. (3,58) can be w r i t t e n  i n  t h e  fol lowing manner: 

L e t  us so lve  t h e  flour types  of' i n t e g r a t i o n s  which appear on 
t he  r i g h t  side of t he  above equat ion ,  

*-% for p=q=O 
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for p=q=O 

Here, 

Reissner  [21] has sought f k ( @ )  f o r  cases  when k yf 0. 
transformed Reissner ' s  equat ion arid made it  in tomeasy- to -hand le  
equat ion.  Ichikawa's equat ion i s  as fol lows,  

Ichikawa [3]  

... ,.I 
. . .- 

Here, &(@) is  sought by'means of the  i n i t i a l  cond i t ions  

and.  t h e  recur rence  formula 

It i s  clear that  t h e  fol lowing w i l l  apply, i n  p a r t i c u l a r  i n  
cases when k = 0. 

Here , x . . - .'.~-. . ... ._ 
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L i f t  D i s t r i b u t i o n  Along Radial Di rec t ion  of t h e  Blade 

--_"_-----I- 

I f  w e  i n t e g r a t e  Ap f ( x * * y )  from the f r o n t  edge t o  t h e  rear /53 
edge, w e  can ob ta in  the l i f t  par  u n i t  wing span. 
i n t e g r a t i o n s  are used a t  t h i s  time.' 

The fo l lowing  



The i n t e g r a t i o n  can a l s o  be ind ica t ed  i n  the fo l lowing  manner 
us ing  Bessel func t ions .  

* 
Returning ehe opera t ing  symbols eo t h e i r  previous s ta te ,  t h e  

l i f t  per  u n i t  wing span cair be expressed 6s fo1lows: 
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If w e  use t h e  so-cal led Chebyshev i n t e r p o l a t i o n  formula [ 3 ,  
193 t o  express  K~g(@,0), ahd i f  w e  use FW t o  express  the i n t e g r a t i o n ,  
w e  ob ta in :  

' 

The amplitude of t h e  unsteady components of the  l i f t  opera t ing  on 
t h e  po r t ion  w i t h  a width dy '  at a pa in t  y t  from t h e  r o t o r  hub is:  

Since t h e  unsteady componefitB of t h e  ' l i f t  opera t ing  on the  q-th 
blade have a phase advanced 2nq/Q from t h e  s tandard blade, 

~ .I. - 
'ttqdoc'=t ttiy'sil*w@ .- 
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On account of  the unsteady components of t he  l i f t  ope ra t ing  on 
the Q blades,  t he  moment occurr ing  around t h e  Y a x i s  w i l l  be :  

I n  a r o t o r  performing p i t c h i n g  so that  the  r o t o r  su r face  nay 
be expressed as 8 = 'B s i n  p t ,  t h e  p i t c h  damping can be c a l c u l a t e d  
by the  method 1n.Appendix A i f  t h e  time changes i n  t h e  moment 
around t h e  p i t c h i n g  axis are known. 

I f  w e  c a r r y  out  the c a l c u l a t i o n s ,  w e  f i n d  

Natura l ly ,  t h e  fi(rpi) obtained by  so lv ing  Eq. (3 .62)  i s  an 
approximate value,  When t h i s  F(@i)  i s  used t o  c a l c u l a t e  fi(rp), 
i t  does not  n e c e s s a r i l y  fo l low t h a t  F($) w i l l  be 0 a t  bhe wing 
t i p ,  that  is, when $ = 0 and = IT& 'However, assuming that the 
l i f t  w i l l  be 0 a t  t he  wing t i p ,  l e t  u s  use  Multhop's i n t e r p o l a t i o n  
formula [3,19] t o  expresa ZR 5 ($ )y  

The c i r c u l a t i o n  d i s t r i b u t i o n  i n  the  radial d i r e c t i o n  of t h e  
blade, as w e l l  as the  l i f t  d i s t r i b u t i o n ,  a t  a r o t o r  r evo lu t ion  
speed of 300 rpm and a p i t c h i n g  frequency of 0.756 c/s are shown 
i n  Figs;: 60 and 61, 

&6- 

I n  Figs.  32 t o  4 3  are given comparisons of t h e  va lues  es t i -  
mated from t h e  experimental  va lues  f o r  c a s e s  when e l a s t i c  defor -  
matlon of the blades would no t  o c c w j  as aga ins t  t he  p i t c h  damping 
va lues  c a l c u l a t e d  us ing  the theory  of  Ashley e t  a l .  [ l g ] .  

The c a l c u l a t e d  va lues  are much larger than  the  measured va lues ,  
bu t  are smaller than  the va lues  based on T a m s e n t ' s  t heo ry  [7] 
and Theodorsen's theory  [l8]. That i s ,  s i n c e  t h e  wing span i s  
P i n i t e ,  there' id ;a, suddertlodeomim of the air  forces i n  the v i c i n i t y  
of t he  wing t i p ,  knd t h e  p i t c h  d p ing  is  smaller t h a n  i n  the two- 
dimensional theory * 



There i s  almost no change 
PL-- r 
1.0 

i n  t h e  ca l cu la t ed  va lues  even 
when there  are changes of t h e  
r e v o l u t i o n  speeds of t h e  r o t o r ,  
and t h e  c a l c u l a t e d  va lues  d i s -  
p l ay  a tendency similar t o  t he  ., *8 

.6 measured vahaes. 

.4 The r e l a t i o n s h i p  between /57 

.2 t h e  accuracy of t h e  s o l u t i o n  
and t h e  number of terms N i n  

' 0  qR Eq. (3.56) i s  shown i n  F ig .  62. 
The similar r e l a t i o n s h i p  wi th  
r e s p e c t  t o  t h e  number of terms 

Fig.  60. L i f t  d i s t r i b u t i o n  along 3 i n  Eq. (3.59) i s  shown i n  
wing span sought by Ashley's F ig .  63. An adequate accuracy 

' unsteady theory.  b f  = 0.024 m, was obtained a t  va lues  of N = 9 
R2 = 0.800 m, p = .756 c/s, and 5 = 5. 
Q-;= 300 rpm. 
two-dimensional quasi-steady 

l"@.(2 ? is  from the  

3 . 3 ,  In t roduc t ion  and Applica- 
t i o n  of Theory of Ashley,  e t  al, 
L i y j  f o r  Cases when the  Blade 
has Steady Motion 

- 

theory.  

L 
L*=- 
1.0 

.8 

' .6 

.4 

.2 

0 

Fig .  61. L i f t  d i s t r i b u t i o n  along 
wing span, as sought by meand of  
Ashley's unsteady theopy, 
b '  = 0.024 m, R2' = 0.800 m, 

.756 c/s, = 300 rpm, 
i s  based on two-dimen- 

s i o n a l  quasi-steady theory.  
p s ?  L*(2 

I n  a prologue t o  t h e i r  
monograph, Ashley e t  a l .  des- 
cribed a method of c a l c u l a t i n g  
the  a i r  f o r c e s  ope ra t ing  on a 
blade i n  cases  when the blade 
i s  i n  s teady  motion, t a k i n g  
i n t o  cons ide ra t ion  the fact  
that  the wing span i s  f i n i t e .  
This  i s  introduced here. 

Since the  bound vor t ex  
does not  undergo changes i n  
time, there i s  no shed vor tex  
i n  t h e  wakej a l l  that  is 
present  i s  merely a steady 
t r a i l i n g  vor tex ,  Thus, equa- 
t i o n  ( 3 . 3 )  can be w r i t t e n  
a B  fol lows.  
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0 i 

Fig.  62. Convergence o f  Me 
i n  cases when numbep of' 
terms N i n  the i n t e r p o l a -  
t i o n  formula (356) was 
increased  

I n  r o t o r  blades of h e l i c o p t e r s ,  t h e  
wing span i a  q u i t e  large i n  compari- 
son w i t h  t h e  wing chord. Therefore,  
i n  most of t h e  range of t h e  wing 
su r face ,  t he  l e n g t h  Iy' - q' I is large 
enough i n  comparison wi th  t h e  l e n g t h  
Ix' - E t l .  Although t h i s  does no t  
apply i n  cases  when 5 '  = x t  and 

i s  t h e  odd func t ion  of ( x '  - 6 ' )  and 
(y' - n') i n  t h e  r ec t angu la r  r eg ion  
c e n t e r i n g  around poin t  ( x t , y t ) .  
Thus, the  in f luence  exer ted  by t he  
r ec t angu la r  reg ion  on t h e  induc t ion  
v e l o c i t y  v a ( x ' , y ' )  is small as long 
as ay.a/afit i s  n o t  a func t ion  which 
changes r a p i d l y .  Fram t h e  above con- 

approximation i s  exac t ly  the  approxi- 
mation made by P r a n d t l  [ 2 4 ]  f o r  wings 
advancing s t ra ight  forward. The 
above equat ion can be i n t e g r a t e d  by 
us ing  the approximation descr ibed  
above. b 



MHJ Assuming the  above, l e t  u s  make 
changes of var i ab le s .  7 

1.001 

i 1 1.000 

\ 
I 
I ,999 

. .946 

0 t h  sides by 
, l e t  u s  i n t e g r a t e  x 

i 

L 

I 

(3.73) 

When V a s  i s  determined from the  
boundary condi t ions ,  t he  above equa- 

Fig.  63. Convergence of Mg t i o n  w i l l  become an equat ion us ing  
i n  cases  when number of l' as t h e  unknown lunc t fon ,  and it 
terms J in- t h e  in t e rpo la -  w i l l  be p o s s i b l e  t o  solve i t  numeri- 
t i o n  formula (359) was ca l ly .  The l i f t  ope ra t ing  on t h e  
increased wing su r face  can be c a l c u l a t e d  by 

0 2 4 6 J  

t h e  fol lowing equat ion.  

-. 
Ur) =pbo'V(e) r(Y) ' 

Applying E q s ,  (3.73) and (3.74),  we handle p i t c h  damping 
problems from the  quasi-steady s t andpo in t ,  If we compare the  
r e s u l t s  w i th  t h e  r e s u l t s  obtained i n  Sec t ion  2 by us ing  unsteady 
theory ,  extremely i n t e r e s t i n g  r e s u l t s  can be  obtained i n t H e  sense 
t h a t  t h e  unsteady e f f e c t  can be evaluated i n  p i t c h  damping problems. 

s t eady  i n  t i m e ,  However, i n  p i t c h  damping problems, t h e  b lades  
have v e l o c i t y  components which are v e r t i c a l  t o  t h e  r o t a t i n g  sur- 
f a c e  and which f l u c t u a t e  i n  time, However, i f  we assume that the  
v e l o c i t i e s  v e r t i c a l  t o  t he  r o t a t i n g  su r face  a t  each i n s t a n t  are 
unchanging and if we equate them with vas(x,y), the fol lowing 
r e l a t i o n s h i p  w i l l  be v a l i d  a t  t i m e  t f o r  the s tandard blade. 

(3.74) - _ -  ~ . 

When Eq. (3.73) was der ived,  it was assumed t h a t  vas would be 



I n  the  same way a6 i n  Sec of? 2, r ( y )  i s  ex sed by means of  pi 
Multhopta i n t e r p o l a t i o n  f mula [ 3 j ,  and t h  
r i g h t  side is ca lcu la t ed  using Glausrt's in a t i o n  1231. 

cond term on the  

I n  the  case  of t h e  q-th blade,  

The l i f t  d i s t r i b u t i  9a solved by u t i l i z i n g  Eq. ( 
aQ the  q-th blade h s  L g ( y * )  t h e  P'ift per  u n i t  wing s 

moment generated &Pound p i t c h i n g  axis w i l l  be : 

The p i t c h  damping is s a l c u l a t e d  by t h e  method i n  Appendix A. 

I n  F i g s , '  64  and 65 are shown 
t h e  c i r c u l a t i o n  d i s t r i b u t i o n  i n  the  
radial d i r e c t i o n  on t h e  blade and 
t h e  b h f t  d i s t r i b u t i o n  i n  cases  when 
the  r o t o r  r evo lu t ion  speed was '\ 

nd t h e  p i t c h i n g  frequency 

Xn Figs, 32 t o  3,  comparisons 
', are made of the valu s estimated I 

~ from the  experimenta values  for 
eases when e l a s t i c  deformation of 

yrrr t h e  blades wsuld not occur,  as 
aga ins t  t he  ca l cu la t ed  va lues  for 

Fig. 64. C i rcu la t ion  d i a t r i -  this case (using Ashley's steady 
but ion a long  wing span sought t heo ry ) ,  I n  a l l  t h e  f i g u r e s ,  the  
by means of Ashley's quasi-  results obtained were almost exac t ly  
steady theory ,  b t  YS 0,024 lm, the same a8 the r e s u l t s  of ca lcu la-  
R2 = 0,800 m, p - 0,756 0 1 s )  tiions us ing  the unsteady theory of 
0 - 300 rpm, C(2)  28 BPgtted Ashley e t  a l .  This may be reduced 
on two-dimensional quextri- t o  t h e  fact  that  the nan-dimensional 
steady theory. 



frequency i s  small. The unsteady 

theory  i s  smaller'lthan the  unsteady 
L e f f e c t  seen i n  three-dimensional LL- 

1.0 e f f e c t  seen i n  two-dimensional theory  
2 w e s m  

r ( the  d i f f e r e n c e  between Townsent's 
j .a i theory  and Theodorsen's t heo ry ) .  

1 
< .6 

.4 I CHAPTER 4 ,  ANALYS OF PITCH DAMP- 
TARTN[X INTQ CO IDERATION FLUC-- 

TIOMS IN DISTANCE BETWEEN VORTEX 

I 

i .2 

0 AND BLADE 

Fig .  65. C i rcu la t ion  dis t r i -  
bu t ion  a long  wing span sought 
by means of Ashley's quasi-  
steady theory,  b '  - 0.024 m3 
R 2 (  = 0.800 m, p = 0,756 CIS$ 
il = 300 rpm, L(2) i s  based 
on two-dimensional quasi-  appl ied  f o r  t h e  purpose of ana lyz ing  
s teady  theory.  t h e  p i t c h  damping r i g i d  r o t o r s ,  

b u t  s a t i s f a c t o r y  r Its could not  
be obtained However, t he  fo l lowing  

was learned  as a resul t  of  a comparison of t h e  ana lyses  performed 
t h u s  far and the  values  of t h e  p i t c h  damping f o r  r o t o r s  having 
p e r f e c t l y  r i g i d  blades,  as estimated from t h e  experiments,  

vor tex  i n  t he  wake was considered.  A s  a r e s u l t ,  it was learned ,  
there  i s  a cons iderable  r educ t ion  i n  t he  p i t c h  damping i n  c e r t a i n  
cases .  

I_. #w 

TWO unsteady t h e o r i e s  were 

(1) I n  Loewy's theory [ l 4 ] ,  only t h e  e f f e c t  of t he  shed - / 5 9  

( 2 )  Therefore,  i f  we were t o  inc lude  a l s o  t h e  e f fec t  of  t h e  
expected t h a t  t he  p i t c h  t r a i l i n g  vorteg i n  t h e  wake, it would 

damping would be reduced considerably,  1- 

( 3 )  If we conijider t h e  fact  t h a t  the wing span i s  f i n i t e ,  the  
l i f t  i n  t h e  v i c i n i t y  of t h e  wing t i p  i s  reduced considerably i n  
comparison wi th  two-dimefisional theory ,  and t h e  p i t c h  damping a l s o  
is  reduced. 

( 4 )  The unsteady e f fec t  c o n t r i b u t e s  very l i t t l e  i n  problems 
o f  p i t c h  damping6 

I n ' v i e w  of t h e  preceding, &. theory  fop analyzing the  p i t c h  
damping w i l l  have t o  be  provided wi th  t h e  fol lowing p r o p e r t i e s ,  

(1 )  It must t a k e  i n t o  cons ide ra t ion  t h e  effect  of t h e  reduc- 
t i o n  of t h e  a i r  forces on account of t h e  induct ion  v e l o c i t y  
caused by t h e  v w t e x  i n  t h e  wake. 

92 



( 2 )  It must take i n t o  cons ide ra t ion  the  f a c t  tlhht there i s  
a sudden reduct ionwf the  a i r  f o r c e s  i n  t he  v i c i n i t y  of t h e  wing 
t i p .  

theory .  
However, t h e  theory  does n o t  n e c e s s a r i l y  have t o  be an unsteady 

Ifl’ t h e  moment of the a i r  f o r c e s  ope ra t ing  on the  r o t o r  blade 
r o o t  i n  a s ta te  of hovering were t o  be  c a l c u l a t e d  by such a theory,  
i t  would be p o s s i b l e  t o  ob ta in  q u i t e  good r e s u l t s .  
t he  experimental ly  obtained a i r  f o r c e  moments ope ra t ing  on t h e  
r o t o r  blade r o o t  i n  a state of  hovering [25,26,27] are 50 - 60% 
of  t h e  va lues  c a l c u l a t e d  by means of two-dimensional s t r i p  theory .  
Therefore ,  i f  one were t o  perform t h e  c a l c u l a t i o n s  by the  model 
mentioned above, similar va lues  ought t o  be obtained.  Consequently, 
t h e  p i t c h  damping a l s o  ought t o  be approximately 60% of  t h e  
Townsent a n a l y s i s  [7] us ing  two-dimensional s t r i p  theory ,  Never- 

; theless,  t h e  p i t c h  damping of  an e n t i r e l y  r i g i d  r o t o r  blade estimated 
from the experimental  va lues  i s  much smaller than t h i s ,  Therefore,  
i t  i s  necessary t o  in t roduce  elements which have not  been taken  
i n t o  cons ide ra t ion  thus  far .  

Furthermore, 

During r o t o r  p i t c h i n g ,  t he  p o s i t i o n  of t h e  b lade  i s  cons t an t ly  
be ing  d i sp laced  i n  t he  21 d i r e c t i o n .  
p o s i t i o n  between the  vor tex  i n  the  wake and t h e  blade i s  not  con- 
s t a n t .  When there are f l u c t u a t i o n s  i n  the  r e l a t i v e  p o s i t i o n ,  the 
vo r t ex  i n  t h e  wake causes  F luc tua t ions  i n  t h e  induct ion  v e l o c i t y  
which is  induced on t h e  blade, and t h e r e  w i l l  a l s o  be changes 
i n  the p i t c h  damping va lues ,  Consequently, it i s  desirable t o  
inc lude  f l u c t u a t i o n s  of the  re la t ive  p o s i t i o n  of  t h e  vor tex  i n  t h e  
wake and the  blade when one i s  c a l c u l a t i n g  t h e  a i r  fo rces .  

A s  a r e s u l t ,  t he  r e l a t i v e  

Thus, t a k i n g  i n t o  cons ide ra t ion  the fact  that t h e  wing span 
i s  f i n i t e ,  l e t  u s  derive a steady wing theory  concerning r o t o r s  by 
which the  vor tex  can be located a t  any desired p o s i t i o n  i n  the  wake. 
Since t h i s  theory w i l l  be app l i ed  i n  performing qtiasi-steady analy- 
s is  of  t he  p i t c h  damping, f t  i s  r equ i r ed  t h a t  t he  wing theory 
i t s e l f  should be a8 simple a B  poss ib l e .  

4.2.  Steady Theory Con,ceming Rotors 

Steady wing theory  i s  v a l i d  a l s o  f o r  r o t o r s  du r ing  s teady  ver- 
t i c a l  f l i g h t ,  Taking our  depa r tu re  from the  equat ion  of  Ichikawa 

l i f t  l i n e  equat ion s u i t a b l e  for  analyzing the  p i t c h  damping. 
A t  t h i s  t i m e ,  we asLsume t h a t  there i s  a small inf low on the  r o t o r  
r o t a t i n g  su r face  and that vo r t ioea  loca ted  at 8 d i s t a n c e  away from 
the  s tandard  blade which i s  being considered have l i t t l e  e f f e c t .  

‘ i n  h i s  l i n e a r  theory of r o t o r  blades [l], le% us der ive a s imple  
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I n  the fol lowing l e t  us show t h e  r e l a t i o n s h i p  between the 
x f y y ' z '  coord ina tes  used t h u s  far i n  t h i s  monowaph and the  z r a  
coord ina tes  used i n  Ichikawab monograph. 

The r e l a t i o n s h i p  between t h e  xyz coord ina tes  used i n  Ich i -  
kawa'smnonograph and t he  x ' y  z* coord ina tes  used i n  t h i s  mono- 
graph is  shorn i n  F ig4  The: follotving shows t h e  r e l a t i o n s h f p s  
w i t h  the u n i t  vectors i n  the coord ina te  a x i a l  d i r e c t i o n ,  

& 

I 

If we use i 

coordinates ,  

31, arid k~ t o  r ep resen t  t h e  vec tors  r and rr i n  a 

t he  tangent  if' a1 d i r e c t i o n  of t he  coor&inate  ourves oa the  rra 8 

- -  

---__ 

. ... 
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. Figi. 66. Coordinate system 

I n  Ichikawa's monograph, the  sur - '& 
face  v o r t i c i t y  vec to r  y of  t h e  
vo r t ex  sheet i s  w r i t t e n  i n  t h e  
fo l lowing  manner. 

Here , 
1- . H ( f )  = y dN+r" 
.... - - 

d 

I f  y i s  expressed by heana of  i*, I 

j*, and k*, 

.- 
-a - ,J cos - F + " ] r  fl+k 1 Key: 1, Blade 1 

2. Blade 0 
, 3 .  Blade 2 2 2 

+d- r'siri- f l+d]P 2 r'+d 1 
+ 7 x q - F [ r - s T  2 2 

8h 
I + . \ / E q F k *  

When t h e  inf low Its small, we ban regard h / m  as being small, 
and t h e  fo l lowing  can be w r i t t e n  concerning y, which expresses 
the  wing sur face :  

If this is salved with r e s p e c t  t o  y gnd 6# 

(4.9) 
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Concerning y, which expresses  the  vor tex  su r face  i n  t he  wake, 

(4 .10 )  

( 4 . 1 1 )  

The equat ion f o r  t he  l i f t  su r face  may be w r i t t e n  as fol lows,  
according t o  Ichikawa. 

(4.12) 

The con t r ibu t ion  of t he  v o r t i c e s  a t  a d i s t a n c e  away from the  s tan-  
dard blade i s  omitted as Being small, The ? t f  eoor na te s  expres- 
s i n g  a po in t  on the  locus  generated from t h e  q-th 
has passed under the s tandard  blade,  and which has f u r t h e r  moved 
aro.und the 2 a x i s  n times# can be expressed as fo l lows ,  us ing  a 
small T*. 

ade9 which 

A t  t h i s  t i m e ,  the  equat ion  f o r  the  l i f t  surface fs r e w i t t e n  as 
follows. 

The d5stance between poin t  P and poin t  P '  i s  expressed by means of 
R(P,P'). I f  we w r i t e  R(P,P'), cX(P,P'), and D(P,P') conc re t e ly ,  
they w i l l  be a6 fol lows when po in t  P is on the locus su r face  of 
the  s tandard  blade: 
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If we cont inue t o  make f u r t h e r  c a l c u l a t i o n s  concerning G and D, 

' If w e  use r*, Eq. (4 .9 )  will be: 

When the inf low is  small, hJr and h / r*  w i l l  be smaller than  1. 
A t  t h i s  t i m e ,  
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Therefore,  Eq. ( 4 . 1 4 )  w i l l  be: 

If t he  v a r i a b l e s  are changed t o  x ' ,  y ' ,  and z', we obta in :  

(4.18) 

If w e  regard t h e  con t r ibu t ion  of t h e  d i s t a n t  v o r t i c e s  i n  the  wake 
as being small, 

The f i rs t  term w i l l  be  exac t ly  t he  same as Eq, ( 3 * 6 9 )  i n  Chapter 3,  
Sect ion  3,  and the second term and the  rsucceeding terms can be 
i n t e g r a t e d  w i t h  r e s p e c t  t o  6'. 

Concerning the  thira and f o u r t h  terms, the vortex su r face  i n  t h e  
wake is replaced by dlscrete vor tex  f i laments .  

98 



Here, i f  w e  p o s i t  t h a t  

w e  ob ta in :  
.. , . . 

(4.22) I *- I -- 

If we mul t ip ly  b o t h d i d e s  by c+ x / l  - x and perform i n t e g r a t i o n  
f o r  x from -1 t o  1, we ob ta in :  

4 . 3 .  Analysis of P i t c h  Damping 

Fundamentally, the p i t c h  damping of  a r o t o r  ought t o  be ana- 
lyzed by assuming unsteady a i r  fo rces .  However, i t  was learned  
as a r e s u l t  of t h e  r e s e a r c h  i n  Chapter 3 t h a t  it i s  permissible  t o  
analyze it i n  terms of quasi-steady a i r  f o r c e s ,  Taking i n t o  con- 
s i d e r a t i o n  the  f l u c t u a t i o n s  of t he  r e l a t ive  p o s i t i o n s  between the 
vo r t ex  and t h e  blade, as was descr ibed i n  Sec t ion  1, l e t  us  make an 
a n a l y s i s  of the p i t c h  damping by apply ing  the  theo ry  i n  the  previous 
sec t ionnwi th  respect t o  a r i g i d  r o t o r  whie'h h a s q d t c h i n g  motion i n  
which the  i n c l i n a t i o n  of t h e  Potor  surface may be expressed as 
e = B s i n  p t ,  

Eq. (4.23) is written tis follows with r e f e r e n c e  t o  the 
* q-th blade. 
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(4.24) 

When applying the  above equat ion  t o  p f t ch  damping problems, 
it i s  necessary t o  determine A 1  , , Cl and v e A s  f o r  v 
i f  w e  refer  t o  Eq, (1.5) and t a  i i A  e i n  o c o  s i d e r a t f a n  t h e  boun%ry 
cond i t ions  of  the  t a n g e n t i a l  flow, we o b t a i n :  

If we in t roduce  the  e f f e c t i v e  angle of inc idence  Ox, 

(4 .26)  

q1 (t) and 5 ( t )  express t h e  p o s i t i o n  of  the  j - t h  vor tex  
filamen4 from thel insl .de , making up the  l - t h  vor tex  l a y e r  immediately 
underneath the  q-th blade. However, i n  cases  when 3 = J, t h e y  
r ep resen t  t h e  t i p  vo r t ex  of t h e  l - t h  wing. 

t h e  r o t o r  i s  i n  a s t a t e  o f  p i t c h i n g ,  However, w e  here used the  
r e s u l t s  of the  smoke experiments i n  Chapter 1, Sect ion  4 and deter- 
mined t h e i r  values  approximately.  The fol lowing method was used 
i n  t h i s .  The j - t h  vor tex  f i lament  from the  i n s i d e  of the  1- th  
l a y e r ,  expressed by 13 ,  was generated from t h e  q*-th blade a t  a 
t i m e  t '  = t - 27r1/Qg2. A t  t h e  p a i n t  f n  time when the  vo r t ex  was 
generated,  t he  Z i  coord ina tes  of' t h e  qa-th blade are z t q * ( t ' ) .  /63 
The generated vor tex  i s  swept from t h i s  p o s i t i o n  i h t o  the  wake. 
The manner i n  which it i s  awept i n t o  the wake w i l l  n a t u r a l l y  d i f f e r  
depending upon whether t h e  r o t o r  i s  simply i n  a state of  hovering 
o r  whether it i s  i n  a s ta te  of  p i t c h i n g  movement, However, w e  may 
view both as being approximately the  samer The vor tex  p o s i t i o n  
when p i t e h i n g  i s ' n o t  being performed, GljST,  has already been 
sought by smoke experiments i n  Chapter 1, Sect ion  4. 'Therefore ,  i t  
i s  already known t o  what degree t h e  vor tex  w i l l  t r a v e l  du r ing  the  
time 27rl/Q62. Thus, the p o s i t i o n  of the vo r t ex  at time t i s  
z*v r ( t ' )  + C t  j%Te On t h e  other  hand, the Z i  coord ina tes  of  t h e  
blaxe a t  time me z t q ( t ) .  Since t h e  p i t c h i n g  angle is(ominute, 

For n l j ( t )  and 51 ( t ) ,  
one ought t o  use the  va lues  measured from moment t o  moment wh d l e  
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Here, z t q . ( t t )  and e t q ( t )  can be w r i t t e n  as follows. 

d&) = - ~ ' c w + ~ , ( t )  sin e( t )  (4.28) 

(4.29) 
dvg_.(t') = --y#m &p(t') sin B(t ' )  

2 

1 

0 

-1  

- 2  

-3  
I 

Fig. 67. Temporal v a r i a t i o n s  
of t he  p o s i t i o n  of  the  blade 
wing t i p  and of t h e  p o s i t i o n  
o f  t h e  t & p  vor tex  of the first 
blade (not  i nc lud ing  bending 
deformation of  blades) -_.I 

Key: 1. Blade t i p  

-- 
&'/b=33.33, 8=0.06%ri3d,p=o,7!%C/S1 fl=miPm 

._ ._ ..--k 
I .  . 

2. T i p  vor tex  of f irst  
blade 

t i o n  per iod  of t h e  r o t o r ,  it ought 

I n  Fig.  67 are p l o t t e d  t h e  
Z i  coord ina tes  z o * ( t )  o f  t h e  
wing t k p  w i t h  r e s p e c t  t o  t h e  
s tandard  blade,  and t h e  Zi coor- 
d i n a t e s  Z V l t ( t * )  t 5'14ST of  t he  
vor tex  generated from he f irst  
blade which i s  immediately below 
t h e  s tandard  blade. 

For n t l  ( t ) ,  w e  use without 

vor tex  p o s i t i o n  when t h e r e  i s  
no p i tch ing .  

any modifica I! i o n s  q l j s~ ,  the  . 

Next l e t  u s  consider  11'1 ( t ) ,  

ment r e p r e s e n t i n g  the  wing t i p  
vor tex  i n  t h e  wake and the  vo r t ex  
layers on t h e  i n s i d e .  A t l  ( t )  
i s  the  i n t e n s i t y  of t h e  J-$h 
vor tex  f i lament  from t h e  i n s i d e  
which makes up the  1- th  layer 
immediately underneath the  q-th 
blade. Therefore ,  A t l j ( t )  
ought t o  be determihed by t he  
bound vor tex  a t  t ime t '  of t he  
q-th blade, However, i f  t he  
p i t c h i n g  per iod i s  long enough 
in comparison wi th  the revolu-  
t o  be p o s s i b l e  t o  determine 

t h e  i n t e n s i t y  of t h e  vor tex  f 4 la- 

- 
A t l j ( t )  by t h e  bound vor tex  a t  time t o f - t h e  q-th blade,  

The con ten t s  of t h i s  approximatlon are described below, That is ,  
i n s t e a d  of determining the vor tex  i n  the  wake by means of the  bound 
vor t ex  of t h e  roger blades ope ra t ing  under cond i t ions  of  a p i t c h  

.eicr;;'=eO + w7 +or - and a vor t ex  p o s i t i o n  G t l j q * ( t ' ) ,  angle --. ---- -__ - 
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t he  vortex i n  the wake i s  determined by means of t he  bound vortex 
of  t h e  r o t o r  blades ope ra t ing  under condi t ions  of a p i t c h  angle  
e x ( t )  = 8c + cos $ q ( t )  and a vor t ex  p o s i t i o n  s ' i - ~ q ( t ) .  ss 
Consequently, e r r o r s  w i l l  occur only concerning t h e  i n t e n s i t y  of 
t h e  vor tex  i n  the  wake, bu t  t h e i r  magnitud w i l l  be small. T h i s  
i s  s o  because of t h e  fol lowing reasons.  S i n c e , $ q r ( t t )  and Jlq(t) 
are t h e  same, a l l  of t h e  e r r o r s  occur because 9 ( t t )  has been 
regarded as e ( t ) ,  and 9 ( t t )  has been regarded as e ( t ) ,  The d i f -  
f e rence  between t t  and t is  2nl/Q52. It i s  short  enough I n  compari- 
son wi th  t h e  p i t c h i n g  per iod i f  t h e  r o t o r  r e v o l u t i o n  speed i s  
great. Consequently, the  e r r o r  a r i s i n g  from t h e  use o f  9 ( t )  
i n s t e a d  of e ( t t )  $s small. The e r r o r  a r i s i n g  from t h e  use  of 
e ( t * )  i n s t e a d  of t3(tt) i s  p times t h e  error  a r i s i n g  from t h e  use  
of  e ( t )  i n s t e a d  of 9 ( t c ) .  However, t h e  e r r o r  concerning t h e  p i t c h  
angle  i t s e l f  i s  found by d i v i d i n g  t h i s  by SI. Therefore ,  t h e  e r r o r  
w i l l  be small enough as long as the  r o t o r  r e v o l u t i o n  per iod i s  
short  enough i n  comparison w i t h  t h e  p i t c h i n g  per iod.  ' 

A s  a r e s u l t  o f  t h e  above cons ide ra t ions ,  E$; (4 .24 )  w i l l  
become a d i f f e r e n t i a l - i n t e g r a l  equat ion concerning the  unknown 
I ' ( y , t ) ,  and E t  w i l l  be p o s s i b l e  t o  so lve  i t  numerical ly .  I f  w e  
rewrite it us ing  t h e  approximations descr ibed  above, we ob ta in :  

I n  cases  of s i n u s o i d a l  p i t c h i n g  w i t h  a minute amplitude i n  
which t h e  i n c l i n a t i o n  of t h e  r o t o r  su r face  can be expressed i n  
terms of 8 = 8 sin p t ,  i f  Eq, (4.31) i s  solved suqcess ive ly  w i t h  /64 
s l i g h t  time i n t e r v a l s ,  it i s  porjsible to f i n d  the c i r c u l a t i o n  on 
t h e  blade a t  each time& The l i f t  a t  each t i m e  and t h e  moment 
around t h e  p i t c h i n g  axis can be sought frm t h i s ,  When the  
temporal  f l u c t u a t i o n s  OS the moment around t h e  p i t c h i n g  a x i s  are 
known, it i s  pos8ib le  t o  o b t a i n  t h e  p i t c h  damping d e r i v a t i v e  
by t h e  method i n  Appendix A. 

Concrete Methods o f  So lv ing  

The vor tex  f i l amen t s  are e s t a b l i s h e d  I n  the  fol lowing manner. 
1 '  I , . ;  
It i s  a n t i c i p a t e d  t h a t  t he  d i s t r i b u t i o n  of the  bound v o r t i c e s  

a long  the blade i n  t h e  radial d i r e c t i o n  w i l l  be  as shown i n  
Fig.  68. The t r a i l i n g  vortex generated i n  $he p o r t i o n  between 
the  blade t i p  and the p a i n t  where t h e  bound vor t ex  reaches i t s  
maximum y h 4 s  believed t o  be swept up and t o  form the t i p  vortex 
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core.  
assumption. However, i n  view ofabt%he:manner of flow i n  t he  v i c i -  
n i t y  of  t h e  blade t i p ,  learned from the smoke experiments,  it i s  
be l ieved  tha t  t h e r e  i s  not mixing of t h e  v o r t i c e s  generated from 
both s i d e s  of yh. It i s  be l ieved  that  s t r o n g  t r a i l i n g  v o r t i c e s ,  
each wi th  opposi te  s igns ,  are generated from both sides of YA.  
However, one would be j u s t i f i e d  i n  assuming t h a t  vor tex  mixture 
w i l l  no t  occur r a p i d l y  from the f a c t  that  t h e  movements of  t h e  two 
vor tex  f i lament8 with d i f f e r e n t  i n t e n s i t i e s  [28 ]  are c i r c u l a r  
movements around t h e i r  centers af Wav i ty .  

There a r e  no experimental  grounds c l e a r l y  guaranteeing t h i s  

It i s  c l e a r  from t h e  smoke 
experiments that  t he  v o r t i c e s  
emerging from i n s i d e  t h e  blade w i l l  
not  be swept up r a p i d l y ,  but  can 
be regarded as vor t ex  shee t s  over 
a cons iderable  per iod of t i m e .  
These vortex shee t s ,  as mentioned 
above, are rep laced  by d i s c r e t e  
vortex f i laments  . 

I 

i 

tlJ is  def ined as fol lows.  

BAlis defined as fol lows.  -_c- --- - . f 
Fig ,  68. Sketch of the c i r cu -  
l a t i o n  d i s t r i b u t i o n  i n  t h e  
blade wing span d ipec t ion  

_ "  _- - 
h + R t  Ra-& 

~AE-----------LO~SA '% 

2 -- - 2,--- - -.. I 

n o j  is  def ined  as fo l lowso 

( 4 . 3 2 )  

.. 
Therefore ,  ~ O J  = YA.  

It i s  assumed that B j + l  3 ~ f .  

The j - t h  vor tex  filament from the ins ide  i s  considered t o  be 
generated from t h e  midpoint between '10 and qsj+1. It assumes 
p o s i t i o n s  ql and G ~ . J ~ T  i n  accordance i!? i t h  the  vena c o n t r a c t a  
r a t i o  shown il n Table 



(4.35) 

' I ~ J  and gl T are t h e  p o s i t i o n s  of t h e  t i p  vortex cores .  They can 
be sought if. r e c t l y  f romthephotographs and are shown i n  Table 5. 

The i n t e n s i t y  of the  3-th vortex f i lament  fr'om the i n s i d e  i s  
determined as t h e  d i f f e r e n c e  between I' t he  i n t e n s i t y  of the bound 
vor t ex  a t  q o j + 1 ,  and I'j, t h e  intensity';h'the bound vor tex  a t  ~ O J .  
Th is  i s  as was descr ibed i n  Eq. (4,30) 

f o r  expressing t h e  i n t e n s i t y  of t h e  bound vortex.  
Multhop's equat ion [3 ]  i s  used as t h e  i n t e r p o l a t i o n  formula 

Exactly t he  same technique i s  used as t h a t  vshich was used 
i n  Chapter 3 t o  so lve  the c i r c u l a t i o n  equation. 

The i n t e g r a t i o n  of (4.31) i s  ca l cu la t ed  us ing  Glaue r t ' s  
formula [23], 

Eq. (4.31) i s  a simultaneous equat ion of the  fol lowing t y p e .  
It i s  poss ib l e  t o  ob ta in  r ( 4 i ) .  

The l i f t  d i s t r i b u t i o n  i s  sought by means of ]t' - pb'yQr 

(4.37) 

Pf €I1\. i s  assumed i n  a s u i t a b l e  manner, n00$ and 0 are sought, 
andl! t h e  c i r c u l a t i o n  equat ion  i s  solved, one c n ob ta  il n YA. From 
t h i s  one ob ta ins  t he  primary approximation of 8 and the  same 
process i s  repeated, 
or  three r e p e t i t i o n s .  

Convergence for 8 A  was ob 4 ained after two /65 



The moment around the  Y a x i s  i s  

(4.38) 

' and y '  = R2', the  above 
= 2 Since Lqt ought t o  be 0 when y '  

equat ion i s  i n t e g r a t e d  by us ing  Nul hop's i n t e r p o l a t i o n  formula [3]. 

(4.39) 

Here , 

The p i t c h  damping is Bought bg the technique i n  Appendix A. 

( 4 . 4 0 )  

Typica l  Examples of Calmla- 
Eions 

t 

i 

. ,  
1 

F i g ,  69.  Circulat5on and l i f t  dis-  
' t r i b u t i o n  sought by means of theory  

t a k i n g  i n t o  cons ide ra t ion  the f luc -  
t u a t i o n s  i n  the d i s t a n c e  between 
the  vortex and the blade 

Time t = 0, Ji - Oo, Bo = 
3 

I n  Fig.  69 are g iven  
examples of ' c a l cu la t ions  of 
t h e  c i r c u l a t i o n  and p res su re  
d i s t r i b u t i o n s  i n  t he  radial  
d i r e c t i o n  of t h e  s tandard  
blade a t  time t * 0. T h i s  i s  
an example where there was 
extremely c l o s e  approximation 
between the blade and t h e  
s t rong  r e t u r n i n g  wing t i p v  
vo r t ex  i n  t h e  wake, The d i s -  
t ance  between the blade and 
the  vor tex  c e n t e r  is 0.8 b 1  
o r  0.024 R 1 .  
there ia a sudden change i n  
the  d i r e c t i o n  of the  induc- 
t i o n  v e l o c i t y  i n  t h e  v i c i n i t y  
of t h e  yt/R' va lue  of 0.9, 

For t h i s  r e a s o n , .  
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Fig .  70. Convergence between 
MH, t h e  moment around t h e  
blade r o o t ,  and My, t he  moment 
around the  p i t c h i n g  a x i s ,  i n  
cases  when the  number of terms 
N i n  the  i n t e r p o l a t i o n  formula 
( ) [ s i c ]  has been increased ,  

and it i s  q u i t e  d i f f i c u l t  t o  con- 
verge t h e  c i r c u l a t i o n  and l i f t  
d i s t r i b u t i o n s .  The data i n  t h i s  
f i g u r e  were ca l cu la t ed  by ass ign-  
i n g  a va lue  of 35 t o  N i n  Eq. 
(4.36).  However, there i s  s t i l l  
a i n  t he  c i r c u l a t i o n  and 
lift d i s t r i b u t i o n s ,  However, as 
soon as t h e  vor tex  goes away 
from the  blade, t h e  s o l u t i o n  con- 
vergence becomes good enough, and 
the  "val leytf  i n  t h e  c i r c u l a t i o n  
d i s t r i b u t i o n  disappears. 

Thus, a l though the  d i s t r i b u -  
t i o n  does no t  have a good conver- 
gence, t he  convergence of the  
moments which are necessary f o r  
c a l c u l a t i n g  the  p i t c h  damping i s  
r e l a t i v e l y  good, I n  F ig .  70 i s  
recorded t h e  convergence between 
MH, t h e  moment around the  blade 
r o o t  ( i nd ica t ed  by t h e  o mark) 

t h e  moment around the  

f o r c e s  ope ra t ing  on t h e  three 
bladoes ( ind ica t ed  by t h e  x mark) ,  
It i s  c l e a r  t h a t  when a value of 
35 i s  adopted f o r  N, the  e r r o r  of 
My becomes about 3%. 

p i t c h  and MY ng a x i s  formed by t h e  a i r  ' 

- /66 

Next, i n  Fig.  7 1  are p l o t t e d  t h e  c a l c u l a t e d . v a l u e s  of My 
obtained every time the  blade r o t a t e d  1508 The va lues  are p l o t t e d  
f o r  one p i t c h i n g  per iod.  Since z - 1; j i n  Eq. (4.37) i s  time 
dependent, My becomes a t i m e  h i s t o r y  h c l u d i n g y h i g h  f requencies  
I n  F ig .  72 i s  given another  example i n  which My cos p t  i s  p l o t t e d  
s i m i l a r l y .  I n  b o t h  f i g u r e s ,  56/144 znm on the  a b s c i s s a  corresponds 
t o  an azimuth angle  of 1 5 O .  It i s  c l e a r  from these f i g u r e s  t h a t  a 
s a t i s f a c t o r y  accuracy w i l l  be obtained i f  t he  My i s ( ica1cula ted  f o r  
every 15' of t h e  azimuth angle ,  M cos p t  was ca l cu la t ed  f o r  
every 45' of t h e  azimuth angle ,  an8 Eq,  ( 4 , 4 0 )  was i n t e g r a t e d  numer- 
i c a l l y  t o  seek M i .  
t o  43, where t h e y  are marked by t h e  o mark and the  l e t t e r  G.  
a l l  t he  f i g u e e ,  , t h e  r e s u l t s  obtained by t h i s  method d i s p l a y  bet ter  
r e s u l t s  than  those  obtained by o t h e r  t h e o r i e s .  

The c a l c u l a t i o n ' r e s u l t s  are shown i n  Figs.: 32 . . 
I n  

I n  the  r e s u l t s  marked wi th  G, it was assumed tha t  z - 1;lj i n  
Eq. (4.37) undergoes t i m e  changes. When t h i s  was replaced by a 
cons tan t  va lue  -1; iST,  t h e  r e s u l t s  obbained are those  i n d i c a t e d  by 
t he  mark F 9. P undergoes almost no changes ,depending on the  
r o t o r  r evo lu  on speedo 
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d t The d i f f e r e n c e s  between F and 
G i n d i c a t e  t h e  amount of dkcrease i n  
t h e  p i t c h  damping r e s u l t i n g  from 
the  f a c t  t h a t  t h e  dist.ance between 
t h e  blade and the  vor tex  f l u c t u a t e s .  

- 

With re fe rence  t o  t h e  method of  
c a l c u l a t i n g  t h e  a i r  forces t o  be used 

, when seeking t h e  p i t c h  damping der iva-  
see i t i v e  of r i g i d  h e l i c o p t e r  r o t o r s  du r ing  

' hovering, it has now been c l e a r l y  
i established by comparing the  a n a l y t i c a .  

and experimental  data w i t h  each o t h e r  
that  three-dimensional wing theo ry  1 which m e r e l y  t a k e s  i n t o  cons idera t ion  

i t h e  con t r ibu t ion  of t h e  r e t u r n i n g  ' vor tex  i n  t he  r o t o r  wake i-s inade- 
. quate ,  It i s  c l e a r  that t h e  method 

must take i n t o  cons idera t ion  also 
the  f l u c t u a t i o n s  of t h e  r e l a t i v e  
p o s i t i o n s  of t h e  blade and t h e  vo r t ex  
i n  t he  wake. 

Fig.  71. Time changes of 
t h e  phtching angular  velo- 
c i t y  8 and t h e  moment 
aroundt t h e  p i t c h i n g  axis My 

Key: 3. PiCdhing moment 

. Ri/b'=33.33, 8=O. 0651 rad, Q=mrpm 
p=O. ?%c/s, 0,=4O 

2. P i t ch ing  a n g u l w  
v e l o c i t y  

Ne.xt, l e t  us consider  t h e  ques- 
t i o n  of how t o  make approximate es t i -  
mates of t h e  p i t c h  dampAng d e r i v a t i v e  
i n  designing,  Remarkable developments 
have been made r e c e n t l y  i n  t he  aqror- 
dynamics of h e l i c o p t e r  r o t o r s ,  and 

. --. __- 

Fig.  72. Time changes of 
My cos p t  

attempts have- been made t o  u s e  
e l e c t r o n i c  computers d i r e c t l y  i n  
s o l v i n g  the  aerodynamic load 
d i s t r i b u t i o n s  on t h e  r o t o r s  dur- 
i n g  both hovering and forward 
f l i g h t  i n  states inc luding  blade 
bending and twis t ing  and defor- 
mation of t h e  vor tex  su r face  i n  
the wake, The c a l c u l a t i o n  of 
p i t c h  damping a l s o  ought t o  be 
incorporated i n  t h e  near  f u t u r e  
as one l i n k  i n  t h i s  comprehen- 
s i v e  c a l c u l a t i n g  program. T h i s  
study p o i n t s  out the  problems 
which ought t o  r ece ive  a t t e n t i o n  
i n  one aspec t  of such a compre- 
hensive method of a n a l y s i s .  How- 
ever, i n  order t o  carry ou t  such 
comprehensive ealculationg, i t  is 
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necessary t o  use e x t r e m e l y  
--- 1 M H  - complex programs and large- 

s i z e ,  high-speed e l e c t r o n i c  
computers, and t h e  c a l c u l a t i o n s  
r e q u i r e  q u i t e  a long t i m e  t o  

I c a r r y  out . On the o t h e r  hand, 
i n  t he  i n i t i a l  des igning  stage, 

va lue  of t h e  s t a b i l i t y  der iva-  

I n  bibl iography C61, 
' Beppu introduced empi r i ca l  fac-  

f o r  c a l c u l a t i n g  the  p i t c h  damp- 

3. npbS6, QR? 
.61 

.60 

.59 

- 

- 

1 
$ it is  requ i r ed  t o  f i n d  a rough 

\ t i v e  by a simple procedure. 

- 

t 

\ t o r s  E and i n t o  t h e  equat ion 

l i n g  on t h e  basis of the  b r i l l i a n t  > o  .5 1 .o 1.5 2.0h'lb' i 
_" 

Fig. 73 .  Fluc tua t ion  of hub idea t h a t  there are d i f f e r e n c e s  
. moment i n  t h e  magnitude between those  

p o r t i o n s  of t h e  a i r  f o r c e s  oper- 
a t i n g  on t h e  blade which f l u c -  
t u a t e  i n  d i r e c t  p ropor t ion  t o  

are d i r e c t l y  p ropor t iona l  t o  
. cos $ *  Refer r ing  t o  Beppu's 

method, l e t  u s  here use  t h e  
r e s u l t s  obtained i n  t h i s  research 
t o  propose a method of calcu- 
l a t i n g  t h e  p i t c h  damping of 
r i g i d  r o t o r s  r e l a t i v e l y  s imply ,  
and compare t h e  r e s u l t s  w i t h  
Beppu's experimental  r e s u l t s .  

It was ' learned  as a r e s u l t  
of t h i s  Pesearch t h a t  the p i t c h  
damping of r i g i d  r o t o r s  i s  much 
smaller than  one would expect 
from two-dimensional quasi-  
s teady theory.  T h i s  i s  t r u e ,  
not  only because of the  so- 
cal led three-dimensional e f fec t ,  
embracing both the  vor tex  sur-  

' f a c e  generated from t h e  blade 
as w e l l  as the  r e t u r n i n g  vor tex ,  
but a l s o  on account of f l u c t u a -  
t ions  of t h e  re la t ive p o s i t i o n s  

0 s i n  9 and t h o s e  p o r t i o n s  which 

1 

! 

* 

Fig .  74. Rotor wi th  s p r i n g  
cons t ra ined  f l a p p i n g  hinges 

between t h e  vor tex  i n  t h e  wake and t h e  blade. 
t i t i e s  9remesent ing :the;tx?elativa poshbions, we w i l l  p l o t  on the  

Thus, as t h e  quan- 

the  d i a t a n c e  h t  between the r e t u r n i n g  wing t i p  Vortex 
c loses t , to  t h e  blade,that is the t i p  vor tex  generated 
preceding blade, and t h e  blade. On the  o r d i n a t e  w e  w i l l  
moment generated at t h e  blade r o o t  d iv ided  by' $~~b '5exQ2R24 .  

abscissa 
which i s  
from t he  
p l o t  t he  



I f  w e  p l o t  the  r e s u l t s  i n  Chapter 4 ,  Sec t ion  3 on t h i s  graph, w e  
o b t a i n  t h e  r e s u l t s  shown i n  F ig ,  73. From t h i s ,  we ob ta in  approxi- 
mately: 

(4 .41)  

A s  our approximate engineer ing model of a r i g i d  h e l i c o p t e r  
r o t o r ,  we w i l l  cons ider  a model such as t h a t  shown i n  Fig.  74. 
Th i s  model has s p r i n g  constrdfned f l a p p i n g  hinges, When t h i s  
model performs p i  ching motion around the  Y a x i s  a t  a cons t an t  
angular  v e l o c i t y  
we w i l l  ob ta in :  

i f  we assume the. blade! wing chord t o  be x, 

(4.43) 

h ’ H  i s  t h e  d i s t a n c e  between t h e  blade and the, nea res t  r e t u r n i n g  
t i p  vo r t ex  du r ing  hovering. It i s  desirable t o  find. it from 
smoke experiments,  I n  cases  when it i s  impossible t o  ob ta in  
h’H experimental ly ,  w e  use t h e  mean downwash of t he  hovering r o t o r  
u = d T R s 2  mul t ip l i ed  by t he  time requ i r ed  f o r  t h e  r o t o r  blade 
t o  r o t a t e  2a/Q; t h i s  i s  then  m u l t i p l i e d  by a modifying c o e f f i c i e n t  
of 1/2.  T h i s  modifying c o e f f i c i e n t  i s  b.ased on the  experimental  
fact  that  t h e  descending speed of the t i p  vo r t ex  i s  smaller than  
t h e  mean downwash on the  r o t o r  su r face  f o r  awhile a f t e r  t h e  
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gene ra t ion  of the  vor tex ,  
t h i s  r e sea rch ,  but  a l s o  i n  

This fact  i s  r epor t ed ,  not  only i n  
bibl iography [ l O , l 1 3 .  That i s ,  

( 4 . 4 4 )  

When w e  f i n d  out M’H, t h e  moment generated on the  b9ade r o o t  by 
t h e  a i r  f o r c e s  ope ra t ing  on t h e  blade, :].we can seek the  p i t c h  
damping i n  approximately t h e  Same manner as t h e  procedures i n  
Appendices C and D. 

Eq. ( C . 9 )  is revirsed as EolloWs: 



Eq. (C.10) becomes: 

In correspondence to Eq. (D.2), we obtaih: 

Here 

(4 .46)  

(4.47) 

(4 .48)  

In correspondence to Eq. (C.18),$ we obtain: 

c 

*,sEo. %+O. "%[ h'R 4 3 0 -  - 
c/2 c/2 "I Q 

Solving Eq. (4.48), we f ind:  
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Here, 

and o b t a i n  

Here, 

(4.53) 

, 

F i n a l l y ,  l e t  us  check t h &  v a l i d i t y  af t h e  equat ion proposed 
i n  t h i s  s e c t i o n  for o a l c u l a t i n g  t h e  p i t c h  damping d e r i v a t i v e  
(Eq, ( 4 * 5 4 ) )  by comparison with BePpu'mj experiments, 8, is  
w r i t t e n  as fol lows:  

(4.57) 
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If we c a r r y  out the  c a l c u l a t i o n s ,  us ing  these i n  p l ace  of E q s ,  
(5.3.1) and (5.3.2) In E e p p d s  monograph, we o b t a i n  Fig.  75. 

Conclusion - /69 

measured f o r  two t y p e s  of 
r o t o r s  and f o r  a l t o g e t h e r  
fou r  types  of b lades ,  and 
c a l c u l a t i o n s  were made t o  
d i scove r  t h e  p i t c h  damping 
a t  which e l a s t i c  deformation 

9= SOOrpm of t h e  blades would not  
---3$&6fi(5-8)&t:kiB#P 1 t occur from t h e  va lues  mea- - ;t#$fi(b-S)Jti:L ijtg!?i 2, sured by means of t h e  aero-  -- qiMf45l)itI~k a#@’s9 3 j e l a s t i c  method. When t h e  i r e s u l t s  were non-dimension- 

a l i z e d  by  means o f  Townsent’s 
ca l cu la t ed  va lues ,  i t  was 
discovered t B a t  t h e y  were 

’ more or less constant  w i t h  
r e s p e c t  t o  t h e  r evo lu t ion  
speed. On the  o t h e r  hand, 
i t  i s  believed that  these 

---+ 
--- __ I -*._ ~ 

.. The p i t c h  damping was 

f values  are d i f f e r e n t  f o r  
I each blade,  no t  only because 
i of t h e  experimental  preci- 

t h e  accuracy of  a n a l y s i s  by 
the aeraelastic technique.  

I 

1 

- -- i s ion ,  but  a lso because of 
Fig.  75. P i t c h  damping d e r i v a t i v e .  
Comparison of experiment a1 va lues  
[ 6 ]  and c a l c u l a t e d  va lues  It was supposed t h a t  

the non-d imens iona  1 i z ed 
measurement va lues  are much 
smaller than  1 and that the  

Key: 1, Values c a l c u l a t e d  by 
Eq. (5-8) i n  bibl iography [61 

a i r  f o r c e s  which ope ra t e  i n  
p i t c h  damping are unique. 
The p i t c h  damping was c a l -  

seven types  of models f o r  
hypo the t i ca l  r o t o r  blades i n  
which no elastic deformation 
o e c w s  at all. The first 

f i v e  t y p e s  are ex i s t ing  types,  and t h e  remaining two were s p e c i a l l y  
designed so t h a t  i t  would be p o s s i b l e  t o  obtain an idea of t h e  
p i t c h  damping. 

2. Valuea c a l c u l a t e d  by 
Eq. (6-5) i n  bibl iography [ 6 ]  

3 .  Values ca lou la t ed  by 
Eq. (4 .54)  i n  t h i s  paper 

. c u l a t e d  us ing  a t o t a l  of 
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0' 2' 4' 6' 8' 10' 12' -+! - collective pit'ch angle 

Fig .  76. Comparison of t h e  
measured values  and va r ious  
t h e o r e t i c a l  va lues  of t he  
non-dimensionalized p i t c h  
damping from,iwhich t h e  
e f f e c b s  of  bending defor -  
mation of the  blade have ;-; 

been removed. 
A. Two-dimensional quasi-  
steady theo ry  
B. Two-dimensional unsteady 
theory 
C. Two-dimensional unsteady 
theo ry  inc lud ing  vo r t ex  i n  
wake 
D. Three-dimehsional quasi-  
steady theory  
E. Three-dimensional 
unsteady theory  
F. Three-dimensional quasi-  
steady theory  inc lud ing  the 
effects  of the vor tex  i n  the  
wake 
Ca, Three-dimensional quasi-  
s teady  theory  inc lud ing  even 
f l u c t u a t i o n s  i n  t he  d i s t a n c e  

Ccont. on next  pageJ 

I n  F ig .  76, t h e  va lues  obtained 
by averaging out the p i t c h  angle  data 
f o r  c e r t a i n  blades are shown by the  
marks 0, A, and c]. The c a l c u l a t e d  
va lues  f o r  t h e  seven t y p e s  of  models 
are also shown i n  t h e  same f i g u r e .  
A r e p r e s e n t s  Townsent's theory ,  
B r e p r e s e n t s  Theodorsen's theory ,  
C r e p r e s e n t s  Loewy's theory,  D repre- 
sents Ashley 's  quasi-steady theory ,  
and E r e p r e s e n t s  Ashley ' s  s teady 
theory.  F and G were der ived  from 
Ichikawa's l i n e a r  theory  and were 
der ived under t h e  assumption tha t  t he  
con t r ibu t ion  of t h e  d i s t a n t  v o r t i c e s  
i s  small and that  there i s  a small 
inflow. 

The d i f f e r e n c e  between A and B 
comes from t h e  unsteady e f f e c t  w i t h  
r e spec t  t o  two-dimensional wings. 
The d i f f e r e n c e s  between A and D o r  
between I3 and E are a t t r i b u t a b l e  t o  
t h e  three-dimensional e f f e c t .  The 
d i f f e r e n c e  between B and C i s  a t t r i -  
butab le  t o  t h e  c o n t r i b u t i o n  of t h e  shed 
ptrortex'in t he  r e t u r n i n g  vor tex .  The 
d i f f e r e n c e  between D and F i s  a t t r i -  
butab le  t o  the  c o n t r i b u t i o n  of t h e  
t r a i l i n g  vor tex  i n  t h e  wake. The 
d i f f e r e n c e  between D and E i s  
a t t r i b u t a b l e  t o  %he unsteady e f f e c t  
i n  t h e  three-dimensional t heo ry ,  but 
t he  c o n t r i b u t i o n  o f ,  t h e  shed vo r t ex  
i n  t he  r e t u r n i n g  vo r t ex  i s  not  
included. The d i f f e r e n c e  between 
F and G r e p r e s e n t s  t h e  amount of 
decrease  i n  t h e  p i t c h  damping caused 
by f l u c t u a t i o n s  i n  the  d i s t a n c e  
between the  blade and the  Vortex. 

There are s t i l l  diw.ergences 
between G and the experimental  
values .  However, it i s  belidved tha t  
these may be overcome by t h e  f o l -  
lowing means. (1) Improvements i n  
the  a e r o e l a s t i c  methods of a n a l y s i s ,  

' e x p e c i a l l y  i n  the  method of deter- 
mining the bending mode. ( 2 )  Improve- 
ments of t h e  experimental  p rec i s ion .  
(3)  Taking a c t u a l  measurements of 
. )  

1:: 

. .  
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between the vo r t ex  
wake and t h e  blade 

Key: 1. B blade 
2. C blade 
3.  D blade 

i n  the the vortex d i s t r i b u t i o n  du r ing  
p i t c h i n g  and us ing  them i n  calcu- 
l a t  ions .  

We proposed an equat ion f o r  
c a l c u l a t i n g  s imply  Me, t he  der iva-  

4 .  Average of mea- t i v e  of p i t c h  damping occurr ing  when 
sured values the r i g i d  r o t  r is p i t c h i n g  a t  a 

de f in i t e  angu ar v e l o c i t y .  By com- 
ptwisan with the experimental  v a l u e s  
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i n  bibl iography &6], it was proved t h h t  the  r e s u l t s  obtained by 
us ing  t h i s  equat ion  are q u i t e  good. 
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APPENDIX A [32]. CONCERNING THE PITCH bAMPING DERIVATIVE 

When a r o t o r  blade such as that  shown i n  F ig ,  6 performs 
p i t c h i n g  motion without r o t a t i n g ,  i t s  k i n e t i c  equat ion may be 
w r i t t e n  as fol lows i f  w e  ignore  t h a , a i r  r e s i s t a n c e  and the  f r i c t i o n a l  
forces :  

Id+ WL6=0 

When the  r o t o r  i s  turn ing ,  the moment due t o  t h e  a i r  fo rqes  
ope ra t ing  on the  blade and t o  t e blade deformation y(8,8,  ...) 
w i l l  operate .  T h i s  moment y(9 ,  Ii 5 6 . . )  i s  q u i t e  small i n  comparison 
w i t h  the  moment of i n e r t i a  - I 0  and the  r e s t o r i n g  moment -Wl8. 
The k i n e t i c  equat ion f o r  t h e  system may be wri t ten as fol lows:  

L e t  l;is consider  a case  when the r o t o r  i s  t u r n i n g  and a moment My 
i s  apglied from outs ide  so  that t h e  p i t c h i n g  movement w i l l  become 
8 3  = 8 s i n  t. 
I O *  - y(8*,1*, ...) -I- W 1 0 W  * My(t). That i s ,  

P a r t i c u l a r l y  i n  cases  when p2 = W 1 / 1 ,  

L e t  us r e t u r n  once aga in  t o  Eq. ( A . 2 )  Since y(e,b...) i s  
present  i n  the  motion of t he  system, we assume t h a t  it ljlll be 
damped gradual ly ,  and it i s  our desire t o  seek the  d e r i v a t i v e  of 
damping. I n  cases  wheh = 0, t he  system is  descr ibed by E q ,  ( A * l ) ,  
and t h e  s o l u t i o  i s  6 I n  

become somewhat d i f f  r a n t ,  and it  i s  believed t h a t  'TT and (31 w i l l  
f l u c t u a t e  toge the r  w i t h  the  time, 

g Bin (p t  t Cp), 0 * Tp c o s ' ( p t  t 4 ) .  
c a s e s  when y ( 0 ,  8 j r o . )  i s  aero, t h e  movement af the  system w i l l  
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If w e  take the difference between t h i s  and (A.5), w e  f ind:  

If we d i f f e r e n t i a t e  Eq. ( A . 5 ) ,  w e  ob ta in :  

We i n s e r t  8 from ( A . 4 )  and 6 from ( A . 7 )  i n t o  Eq. ( A . 2 ) .  

If w e  s o l v e  ( A . 6 )  arrd ( A . 8 )  w i th  r e s p e c t  t o  8 and 4, 

(A.lO) 

Sin$e the  t$oeffic$ients on the r i g h t  sides of  ( A . 9 )  and (A.10) /72 
are both  minute, t he  temporal v a r i a t i o n  r a t i o  of e(t 
i s  smdll. Therefore,  when w e  are seeking ?f(tz)/F(tl 1 t h e  amplitude 
r a t i o  of t h e  angle  of p i t c h  between time t l  and C i m e  t 2  =?: t l  + 2n/p, 
w e  may assume that  t h e r e  are almost no changes of v ( t )  and $( t )  
between t l  and t2' 
c l o s e  t o  a sinlhsoidal movement w i t h  a per iod  of 2x/cp, it i s  also 
p o s s i b l e  t o  seek y by means of  Eq. ( A . 3 )  

and $ ( t )  

Since i n  t h i s  case  t h e  motion of t h e  system i s  



I n  sys t ems  expressed i h  terms of d i f f g r e n t i a l  equat ion w i t h  
two-storied cons tan t  c o e f f i c i e n t s ,  l n ( O ( t 2 ) / 8 ( t l )  1 x 21/(2w/p) 
w i l l  be t he  damping c o e f f i c i e n t .  I n  accordance wi th  t h i s ,  l e t  us 
agree t o  c a l l  ( A . 1 1 )  mul t ip l i ed  by 21/(2n/p) t h e  p i t c h  damping 
c o e f f i c i e n t ,  and adopt t h e  fol lowing d e f i n i t i o n :  

( A 12 ) 

General v a l i d i t y  w i l l  no t  be l o s t  even i f  ti i s  set a t  @( t l )  = 0. 
The fol lowing can also be wri t t en :  

APPENDIX B 

Concerning the methods of c a l c u l a t i n g  NA(q), NB(q) and NC(r)'. 

(1) Method of Ca lcu la t ing  NA(q) 

We rewrite Eq. (3.23)* 

ca R,@-"i 
d.4 N.&) ..Qj 0 Pl'cP*fa'~ 

( B * 1 )  
I I  

If q > 0, we polllit A 1  ql. !then, 

, .. 41: *a ] 

According t o  bibl iography t3fiJ, p.  1'723 t he  fol lowing equat ion 
a when Ft(g + $1 0 ,  x 0, and larg e l  2: 

120 



According t o  bibliography [30], p.  332, the fal lowing equation 
appl ies  when R (VI 3. and x > 0: 

3 

Here, 
, 

i 

When q < 0,  i t  i s  obvious from Eq, ( B . l )  that  

A t  the ult imate extreme, when q has been brought c l o s e  t o  0 ,  

(B.lO) 
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If w e  use E q s ,  (€3.3) and (B.5)J w e  obtain: 

(B.12) 

(B.16) 
b 

A t  the  u l t ima te  efrtr?eme, when q has been brought close t o  0, 
w e  ob ta in :  
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( 3 )  Method of Calcu la t ing  N c ( T )  

We r e w r i t e  Eq. (3.23). 

If T > 0,  we pos i t  X 2  * TX* Then, 

(B.18) 

(8.20) 

L e t  us develop the integrand i n  B Taylor  series and i n t e g r a t e .  

(B. 21) 

L e t  us i n t e g r a t e  us ing  Sympson‘s formula, 

(B.22) 



A.t: X2 >ll, when n becomes f a i r l y  large, it cari be omitted because 

I3 can be c a l c u l a t e d  using (B.25) and (B,26)* 

When t .( 0, it fs obvious from Eq. (B.18) that  

A t  the u l t ima te  extreme, when T has been brought c l o s e  t o  0,  
we can use Eq. (l3.18) t o  ob ta in :  

Generally speaking, 
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APPENDIX C. KINETIC EQUATION WITH THREE DEGREES OF FREEDOM FOR 
SIMPLIFIED R I G I D  ROTOR MODELS 

Let us analyze t h e  movement of a r o t o r  blade stem wi th  s p r i n g  
cons t ra ined  f l app ing  hinges such as t h a t  shown i n  g, 74. When 
the  system i s  cons t ra ined  so  t h a t  it cannot have r o l l i n g  motion 
dur ing  hovering, t he  s y s t e m ' s  movements w i l l  have three degrees of 
freedom: p i t ch ing ,  f l a p p i n  and r o t a t i o n  around t h e  shaft a x i s .  
It i s  assumed t h a t  the s y s t  c o n s i s t s  of.' t h e  blade po r t ion  and 
the  pendulum por t ion  which performs p i t c h i n g  only. 
k i n e t i c  equat ion i s  derived f o r  cases  when t h e  moment M around 
the  p i t c h i n g  axis and the torque MZ around t h e  shaft a x f s  are added 
t o  the s y s t e m  from ou t s ide ,  As f o r  the  a i r  forces ope ra t ing  on the  
blade, we w i l l  cons ider  only the  l e f t  components based on two- 
dimensional quasi-steady theory ,  

A p r e c i s e  

/74 

I$ext9 w e  w i l l  derive an approximate k i n e t i c  equat ion f o r  cases  
when 9 has a cons tan t  va lue  fi and t h e  movement i s  a l s o  l e i s u r e l y .  

The p o s i t i o n  vec tor  r at  a po in t  on the blade corresponds t o  
Eq* (1.5) 

* 

The ve i o c  i t g  vec tor  v a t  t h i s  correspofids 

The kinet ic  energy of' t h e  pendulum irr 

The posit ion energy a4 the pendulum i a  

t o  Eq. 



The s t r a i n  energy s to red  up i n  t he  s p r i n g  i s  

( C . 6 )  

I n  cases when v i r t u a l  displacements 6Bq, 60,  and SJI have occurred 
i n  the three d grees of freedom Bq, 0 ,  and @ J  the v i r t u a l  d i sp lace-  
ment 6uq occur ing a t  a poin t  on t h e  blade w i l l  be: 

When seeking  t h e  a i r  f o r c e s  ope ra t ing  on the  blade, i f  we cons ider  
.on ly  t h e  t h r u s t  components and use two-dimensional quasi-steady 
theory,  w e  obtain:  

The v i r t u a l  work is: 
-- 

I f  we take the Variat5ons f o r  Bq, 0 ,  and J I ,  

\ Q*=Mg 

I 
(C.10) 

(c.11) 

((2'12) 

The Lagrange equatiorzs are: 
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If w r i t t e n  concre te ly ,  they  are: 

Next, i n  cases when the  r o t a t i n g  angular  velge i ty  4 around t h e  
c o t o r  shaft a x i s  has a cons t an t  value $2, when B S  gin, 8&2, and 
eJQ2 ape minute, i f '  we omit minute q u a n t i t i e s  of t h e  t h i r d  o rde r  
o r  above, we ob ta in :  

T B = ~  fr, (-253d sin + Ja* (I-,??$) 

If' we use t h i s ,  the  k i n e t i c  equat ions become2 

Natu ra l ly ,  these agree with the data ob ta ine  
k i n e t i c  equat ion,  where it was assumed t h & t  8 = Iz and t h e  minute 
q u a n t i t i e s  of t he  t h i r d  order o r  above were omitted,  

before  i n  the  s t r ic t  



A P P E N D I X  Do DAMPING C O E F F I C I E N T S  SOUGHT FOR FORCED V I B R A T I O N S  /75 
Let us consider  a r o t o r  w i t h  a number of blades Q of 3 o r  more 

and w i t h  an Ip much larger than  Ig. We will consider  cases  i n  which 
the  p i t c h i n g  moment pllp and torque  MZ are adminis tered t o  t h i s  r o t o r  
from ._ outs ide ,  and the  r o t o r  i s  made t o  c a n t i n  
0 - 0 s i n  p t ,  As wa8 def ined  i n  Appendix A, the! damping c o e f f i c i e n t  
i s  determined by: 

Then t h e  forced vibfation s o l u t i o n  f o r  f l app ing  w i l l  be: 

Here, 
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If we s u b s t i t u t e  Eq. ( C . 1 8 )  i n t o  Eq. ( D o l ) ,  we obta in :  

The f irst  term on the  r i g h t  side of Eq, ( D . 8 )  i s  the  contrh- 
but ion of t he  moment produced around the  p i t c h i n g  axis  by the  a i r  
fo rces  ope ra t ing  on t h e  blade, and t h e  second term on t h e  r i g h t  
side is  t h e  con t r ibu t ion  of t h e  moment produced around the  p i t c h i n g  
a x i s  by t h e  f o r c e  of i n e r t i a  ope ra t ing  on the blade,  Eq. ( D . 8 )  
corresponds exac t ly  wi th  Eq, ( 1 . 2 2 )  i n  the  main t e x t d  If we sub- 

we obta in :  
' s t i t u t e  Eq. (D13) i n t o  Eq4 ( b . 8 )  and c a r r y  out  t he  c a l c u l a t i o n s ,  

The f irst ,  second, and t h i r d  terms on the e i g h t  s ide of  ( D . 9 )  
correspond wi th  t h e  first) eecond, and t h i r d  terms on the  r i g h t  
side of Eq. (1.23)* If we cont inue the  c a l c u l a t i o m  f u r t h e r ,  u s ing  
p f p/n, we obtain:  



APPENDIX E. DAMPING WHEN THERE ARE FREE VIBRATIONS 

L e t  us consider  a r o t o r  wi th  a number of blades Q of 3 or more 
and wi th  an I We w i l l  seek t h e  c h a r a c t e r i s t i c  
r o o t  of pitch!& when t h i s  r o t o r  performs free v i b r a t i o n s  of p i t ch ing .  
It can be demonstrated t h a t  the  real  p a r t  of t he  c h a r a c t e r i s t i c  
r o o t  has the Following r e l a t i o n s h i p  with MQ as sought i n  Appendix D. 

much larger than  IB. 

I n  cases when the  p i t c h i n g  c o n s i s t s  of free v i b r a t i o n ,  only the  
torque  MZ w i l l  be appl ied t o  t h e  r o t o r  froh t h e  ou t s ide ,  and the 
r o t a t i n g  angular  v e l o c i t y  around the  r o t o r  shaft a x i s  w i l l  be 
maintained a t  a cons tan t  value i l .  The k i n e t i c  equat ions i n  t h i s  
case w i l l  be: 

Actually,  (E .4)  i s  the  equat ion d e f i n i n g  the  torque  which ought t o  
be appl ied  from t h e  ou t s ide  because the  movement described above 
i s  continued. 

(E. 2 )  and (E. 3)  are l i n e a r  simultaneous d i f E e r e n t i a 1  equat ions  
con ta in ing  var iab  i n  the c o e f f i c i e n t s  i n  the  form of s i n  $ 
and cos $. Now il, ohange the va r i ab le s :  

J’ ~ q = ~ ( ~ ) - u ~ ( t ) ~ ~ ~ - ~ ( c ) s i ~ ~ 4  z’ 

- C .  
- =- --- - 

(E651 - ”_ - 
4 



In particular i n  oases when Q z 3, 

. Inserting this into Eq. ( E , 2 ) ,  w e  divide the terms up into 
those involving s in  qQ and 60s $q and those not involving them. 

If we insert thirt i n t o  ( 8 . 3 ) ,  we obtain: 

(E.10) 

(E.11) 



(E.12) 

This  s i g n i f i e s  t h a t  ( E . 1 0 )  i s  independent and t h a t  t h e  coning w i l l  
f i n a l l y  s e t t l e  down t o  (y/8)(1 + ck)* (E.Il), (Ed12), and (E.13) are 
l i n e a r  simultaneous d i f f e r e n t i a l  equat ions  f o r  t he  cons tan t  c o e f f i -  
c i e n t s .  

Eq. (E.3) i s  the  simultaneous equat ion f o r  p i t ch ing .  Since 
Ip i s  s u f f i c i e n t l y  l a r g e  i n  comparison with Ig, the p i t c h i n g  
movement ought t o  be c l o s e  t o  a s i n u s o i d a l  mouepnent w i t h  a per iod 
of 27r/p. It ought t o  be p o s s i b l e  t o  mite two of the r o o t s  of t he  ' 

c h a r a c t e r i s t i c  eqttatiorrs obtained from (E.ll), (E.121, and (E.13) 
i n  the fol lowing manner: 

That is, 

(E.14) 

Two of these r o o t s  ares 

I s  a minute q u a n t i t y  s i n c e  L i s  large enough. 

(E.16) 
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If w e  s u b s t i t u t e  (E.15) i n  (E.14) ,  assuming t h a t  IC, 6, and E 
are minute q u a n t i t i e s ,  it will be poss ib l e  t o  determine 6 and E 
by omi t t ing  the  minute q u a n t i t i e s  of a high order .  

Th i s  i n d i c a t e s  t h a t  (E.17) and (E.19) coinc ide .  

The denominator of (E.17) i s  

The denominator of (Eb191 fs 6 

Thus, the BenominatOra of (E.17) and (E.19) are equal. 

The numerator of' (E.17) is 



The numerator of (E.19) i s  

I n  o ther  words, t h e  rea l  p a r t  of the r o o t  of the  c h a r a c t e r i s t i c  
equat ion i s  equal  t o  M6/21p. 

APPENDIX F. ENERGY BABANCE IN CASES OF FORCED VIBRATION 

L e t  us i n v e s t i g a t e  t h e  manner i n  which the  work done by moments 
My and Mz, which are appl ied  from the ou t s ide  i n  eases  of  forced 
v i b r a t i o n  (refer t o  Appendix D),,is consumed If we use t h e  f l app ing  
sou@t b (D.3) and c a l c u l a t e  26, cos $q, E b ,  cos $,, CBq cos qq, 
E B q @  s i n  $4, and s i n  JI we l e a r n  that  i n  each case t h e y  
are %near combinations 0'21 s i n  pe)and cos p t ,  Consequently, it i s  
clear  t h a t  t h e  period 2w/p i s  present  i n  t he  case OB forced vibra-  
t i o n s  a 

dur ing  one per iod  LO, 2a/p]. 
(C.l8), we o b t a i n  

L e t  u8 c a l c u l a t e  the work performed by the  pi tching moment My 
If we use the p i t c h i n g  equat ion 

(E. 20) 



If' we rewrite the t h i r d  term by means:mf' t h e  f l app ing  equat ion 
(Co17), w e  o b t a i n :  

. 

L e t  u s  c a l c u l a t e  t h e  work performed by t h e  torque  during one 
per iod [O,Z.rr/p]. Using t h e  torque  ?equation (C. l9) ,  we o b t a i n  

I 

(FA). 

According t o  (C. 6 1 



I n  o t h e r  words, it is  c l e a r  t h a t  the  work performed by t h e  e x t e r n a l  
f o r c e s  i s  equal t o  the  work consumed by %he blade moving t h e  a i r .  
A l s o ,  i n  accordance wi th  ( F . l )  and (F.6), 

It i s  clear tha t  t h e  term or’ ig ina t ing  i n  the i n e r t i a l  f o r c e s  oper- 
a t i n g  on the blade which appeared i n  Eq, ,(D18) expressing the p i t c h  
damping i s  the work consumed by t h e  blade dur ing  f l app ing  when it 
moves the a i r  

I . *  
\ 

from which t h e  work performed by the  torque  ) * f / p ~ ~ ~ 3 ~ ~ t ~  has 
been subt rac ted .  , o  I_ 

APPENDIX G .  ENERGY BALANCE I N  CASES OF FREE VIBRATIONS 

P i t ch ing  has a per iod defiaed by t h e  root ifi the c h a r a c t e r i s t i c  
equat ion (E.14), 
M, dur ing  one per iod  of p i t ch ing  [O,T], 

If we c a l c u l a t e  the  work performed by t h e  torque 



I n  o the r  words, t h e  t o t a l  energy f l u c t u a t i o n s  of t h e  s y s t e m  are 
equal  t o  t h e  work performed by t h e  e x t e r n a l  fo rces .  According t o  
(G.2) and ( G . 3 ) ,  

-IB!' ( CJ, cos #,, -#cccqbq +mdC sin cos &+fl* cflp Cos # t p ) d J t = ( l f b c r )  - TB~o) )  4- (Ow- Uw) . 
- .  r -  - -- -.- I__._._ 0 .  ~ _ _  

-srnl.Qdf-- gp-H4Sr 1 C ( G O Q 2 + . ' . ' d ~ ~ ~ s  ~ , l - f , ~ q ) & ~ t  (G.4)  /80 
0 - 

f n o the r  word 8 , . -1~j: (c& COS $q -bc Cos $IJ + 2 g d c  sin #q Cos #q +azZflq COS $q)ddt, 

i s  equal  t o  t h e  work consumed by t h <  blade du r ing  f l app ing  when it 
xhovesiihhe a i r ,  from which t h e  work performed by *the torque  and t h e  
r educ t ion  in the  t o t a l  energy o f  t h e  blade paPt  ( T B ( o ) - T B ( ~ ) )  + 
( U ( O ) - U ( ~ ) )  have been sub t r ac t ed ,  L 

APPEND1X.H. 

assumption tha t  t h e  r o t o r  r e v o l u t i o n  speed i s  maintained a t  a 
cons tan t  value h l ,  
motor i n  order  t o  maintain t h i s  movementr 
app l i ed  by t h e  motor and i f  t h e  r o b a t i n g  angular  v e l o c i t y  f l u c t u a t e s ,  
what w i l l  be i t 8  magnitude? 
i n t o  Eq. (C.19), we o b t a i n  

CONCERNING FLUCUTATIONS,:IN THE ROTOR REVOLUTION SPEED 
The p i t c h  damping sought by  E q ,  (1.23) was der ived  under t h e  

However, t h e  torque  MZ must be suppl ied  t o  t h e  
If t h e  torque  MZ i s  not  

If we c a l c u l a t e  by i n s e r t i n g  Eq. ( D . 3 )  
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Q4B.B, Q2B1, and B2Q2 are each approximately 1, y/8 i s  smaller t h a n  
1, 2nd p i s  approximately 0.2, 
I n  the  experiments, t h e  vo l t age  appl ied t o  t e motor is maintained 
uniform. Therefore,  there are some f l u c t u a t i o n s  of 62 when the  
r o t o r  performs p i t c h i n g ,  If w e  suppose tha t  62 d e c l i n e s  t o  $2 - An, 
i n  a d d i t i o n  t o  t h e  increa8e  i n  the torque  generated by the  motor, 
there w i l l  a l s o  be a r educ t ion  OF t h e  torque  consumed by the  aero- 
dynamic r e s i s t a n c e  of t h e  r o t o r ,  and the f l u c t u a t i o n s  of R w i l l  
be suppressed. Even i f  we do not  conrfider the  i n c r e a s e  i n  t he  
torque  generated by the  mobor, 

' 

Therefore,  M As about QI~g2p*. 

Actual ly ,  t h e  to rque  generated by t h e  motor inc reases ,  and 
t h e r e f o r e  the  f l u c t u a t i o n s  of fl w i l l  be even smaller. 
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